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Abstract. Let fc be a field of characteristic zero. For a linear algebraic group G 
04 ' over k acting on fc-schemes, we define the equivariant version of the Voevodsky's 

I motivic cobordism MGL and show that it is an oriented equivariant cohomology 

■ theory on the category of smooth G-schenies which satisfies the localization 

sequence. We give several applications. In particular, we study the motivic 
cobordism rings for the classifying spaces and the cycle class maps to the singular 
cohomology of such spaces. 
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1. Introduction 

o 

^ ■ Let be a field of cliaracteristic zero. Let G be a linear algebraic group over 

k. In this paper, we use the techniques of A^-homotopy theory to construct an 
equivariant version of the motivic cobordism theory discovered for smooth schemes 
by Voevodsky |40j. We use the notion of Thom and Chern structures on the 
cohomology theories of motivic spaces to show that the new equivariant motivic 
cobordism is an oriented equivariant cohomology theory on the category of smooth 
^ I G-schemes. One of the main results about this equivariant motivic cobordism 

CN ■ theory is that it satisfies the expected localization sequence. 

In order to relate the equivariant motivic cobordism with the equivariant ana- 
l/^ ! logue of the geometric cobordism of Levine and Morel |27] , studied earlier in [19] , 

\^ I we look at the equivariant motivic cobordism from a different approach. This ap- 

O ' proach allows us to show that the equivariant cobordism theory of [19] is the degree 

^ . zero part of the equivariant motivic cobordism studied in this paper, if we work 

with rational coeffcients. This is an equivariant analogue of a result of Levine |26] . 
This also allows us to prove many interesting properties of the equivariant motivic 
^ ■ cobordism with rational coefficients. We show that the two approaches give the 

! same answer for the torus action on smooth projective schemes. 

We prove the self-intersection formula for the equivariant motivic cobordism. 
This formula allows us to deduce the localization theorems for the equivariant 
motivic cobordism for torus action. This is an analogue of the similar localiza- 
tion theorem for the equivariant K-theory and generalizes a similar result for the 
geometric equivariant cobordism in |20] . 

We prove a decomposition theorem for the equivariant motivic cobordism of 
smooth projective schemes with torus action. This decomposition is used to give a 
simple formula for the equivariant and ordinary motivic cobordism of flag varieties. 

The representability of motivic cohomology in the stable A^-homotopy category 
implies that there is a natural map form the equivariant motivic cobordism to the 
equivariant higher Chow groups of smooth schemes with group actions which were 
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defined by Edidin and Graham |TT]. We study the complex reahzation map from 
the equivariant motivic to the complex cobordism ring of smooth varieties over 
C. This reahzation map is used to study the cycle class map from the equivariant 
Chow groups of a smooth projective scheme to its equivariant singular cohomology. 
This generalizes a result of Totaro [37] . 

We show that our equivariant motivic cobordism generalizes to a theory of mo- 
tivic cobordism of all quotient stacks and it is a cohomology theory with localiza- 
tion sequence on the category of smooth quotient stacks. More applications of the 
results presented here and some computations of the motivic cobordism for group 
actions will appear in a separate paper. 



Let A; be a field of characteristic zero and let Smfc denote the category of smooth 
schemes of finite type over k. 

A linear algebraic group G over k will mean a smooth and affine group scheme 
over k. By a closed subgroup H of an algebraic group G, we shall mean a morphism 
H ^ G oi algebraic groups over k which is a closed immersion of fc-schemes. In 
particular, a closed subgroup of a linear algebraic group will be of the same type 
and hence smooth. Recall from [5, Proposition 1.10] that a linear algebraic group 
over is a closed subgroup of a general linear group, defined over k. Let Sch^ 
(resp. Sm^) denote the category of quasi-projective (resp. smooth) fc-schemes 
with G-action and G-equivariant maps. An object of Sch^ will be often be called 
a G- scheme. 

Recall that an action of a linear algebraic group G on a fc-scheme X is said to be 
linear if X admits a G-equivariant ample line bundle, a condition which is always 
satisfied if X is normal (cf. [35| Theorem 2.5] for G connected and [36| 5.7] for G 
general). All G-actions in this paper will be assumed to be linear. We shall use 
the following other notations throughout this text. 

(1) Nis/fc : The Grothendieck site of smooth schemes over k with Nisnevich 
topology. 

(2) Shv (Nisfc) : The category of sheaves of sets on Nis//c. 

(3) A°PShv (Nisfc) : The category of sheaves of simplicial sets on Nis/k. 

(4) T-Li^k) : The unstable A^-homotopy category of simplicial sheaves on Nis//c, 
as defined in [25] . 

(5) 'H,{k) : The unstable A^-homotopy category of pointed simplicial sheaves 
on Nis//c, as defined in [25] . 

(6) Sl-i{k) : The stable A^-homotopy category of pointed simplicial sheaves 
on Nis/fc as defined, for example, in [ID] . 

Following the notations of [IQ], an object of A°PShv (Nis^) will be called a motivic 
space (or simply a space) and we shall often write this category of motivic spaces 
as Spc. The category of pointed motivic spaces over k will be denoted by Spc,. 
For any X, y G Spc, S'(X, Y) denotes the simplicial set of morphisms between 
spaces as in [28]. 




2.1. Admissible gadgets. Let G be a linear algebraic group over k. All repre- 
sentations of G in this text will be assumed to be finite-dimensional. We shall say 
that a pair (V, U) of smooth schemes over is a good pair for G if is a /c-rational 
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representation of G and f/ C \/ is a G-invariant open subset on which G acts freely 
such that the quotient f//G is a smooth quasi-projective scheme. It is known (cf. 
[37t Remark 1.4]) that a good pair for G always exists. 

Definition 2.1. A sequence of pairs p = (V^, f/j)j>^ of smooth schemes over k is 
called an admissible gadget for G, if there exists a good pair (V, U) for G such that 
Vi = V®'^ and f/j C Vi is G-invariant open subset such that the following hold for 
each i > 1. 

(1) (f/j Q) V) U {V (B Ui) C Ui^i as G-invariant open subsets. 

(2) codimc;^^, (f/,+2 \ (f/^+i © Wi+i)) > codim^;^,^, {U^+i \ {U, © W^)). 

(3) codimvA,^! (Kj+i \ f/i+i) > codimy^ {Vi \ Ui). 

(4) The action of G on Ui is free with quotient a quasi-projective scheme. 

The above definition is a special case of the more general notion of admissible 
gadgets in [28^ §4.2], where these terms are defined for vector bundles over any 
given scheme. An example of an admissible gadget for G can be constructed as 
follows. Choose a faithful fc-rational representation W oi G dimension n. Then 
G acts freely on an open subset U oiV = W®'^. Let Z = V \ U . We now take 
Vi = V®\ Ui = U and Ui+i = {Ui ®V)U{V® Ui) for t > 1. Setting Zi = Z and 
Zi+i = f/,+1 \ {Ui © V) for i > 1, one checks that Vi\Ui = Z' and Zi+i = Z'®U. 
In particular, codimy, {Vi \ Ui) = zcodimv(^) and codimjy.^^ {Zi+i) = {i + l)d — 
zdim(Z) — d = icodimy(Z), where d = dim{V). Moreover, Ui — > U/G is a 
principal G-bundle. 

The definition of equivariant motivic cobordism needs one to consider certain 
kind of mixed quotient spaces which in general may not be a scheme even if the 
original space is a scheme. The following well known (cf. pTl Proposition 23]) 
lemma shows that this problem does not occur in our context and all the mixed 
quotient spaces in this paper are schemes with ample line bundles. 

Lemma 2.2. Let H be a linear algebraic group acting freely and linearly on a 
k-scheme U such that the quotient U/H exists as a quasi-projective variety. Let X 

H 

be a k-scheme with a linear action of H . Then the mixed quotient X x U for the 
diagonal action on X x U exists as a scheme and is quasi-projective. Moreover, 
this quotient is smooth if both U and X are so. In particidar, if H is a closed 
subgroup of a linear algebraic group G and X is a k-scheme with a linear action 

H 

of H , then the quotient G x X is a quasi-projective scheme. 

Proof. It is already shown in pT] Proposition 23] using [121 Proposition 7.1] that 

H 

the quotient X x f/ is a scheme. Moreover, as U/H is quasi-projective, [121 

H 

Proposition 7.1] in fact shows that X x U \s also quasi-projective. The similar 

H 

conclusion about G x X follows from the first case by taking U = G and by 
observing that G/H is a smooth quasi-projective scheme (cf. [3 Theorem 6.8]). 

H 

The assertion about the smoothness is clear since X x U X x f/isan H- 
torsor. □ 

In this text, Sm^^gg^^ will denote the full subcategory of Sm^ whose objects are 
those schemes X on which G acts freely such that the quotient X/G exists and 
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is quasi-projective over k. The previous result shows that HUG Sirij^gg/^, then 
X X U is also in Srrij^gg/^ for every G-scheme X. 

2.2. The Borel spaces. Let X G Sm^. For an admissible gadget p, let Xq{p) 

G 

denote the mixed quotient space X x Ui. If the admissible gadget p is clear from 
the given context, we shall write Xq{p) simply as Xq. 

We define the motivic Borel space Xg{p) to be the colimit colirrii X^(p), where 
colimit is taken with respect the inclusions Ui d Ui ®V C. f/i+i in the category of 
motivic spaces. We can think of Xg{p) as a smooth ind-scheme in Spc. The finite- 
dimensional Borel spaces of the type Xq{p) were first considered by Totaro pTj in 
order to define the Chow ring of the classifying spaces of linear algebraic groups. 
For an admissible gadget p, we shall denote the spaces colirrii Ui and colirrii {Ui/G) 
by Eg{p) and Bg{p) respectively. The definition of the motivic spaces Xq is based 
on the following observations. 

Lemma 2.3. For any X G Sm^, the natural map Xg{p) ^ X x Eg{p) is an 
isomorphism in Spc. 

Proof. We first observe that the map X x Ui ^ X x U^i is a closed immersion 
of smooth schemes and colirrii {X x Ui) is the union of its finite-dimensional sub- 
schemes {X X t/j)'s. Moreover, G acts freely on colirrii {X x Ui) such that each 
X xUi is G-invariant. Since any G-equivariant map / : colirrii {X xUi) -^Y with 
trivial G-action on Y factors through a unique map colirrii {X x Ui) /G ^ Y, 
we see that the map Xg{p) — > {colirrii (X x Ui))/G is an isomorphism. Thus we 
only need to show that the natural map colirrii {X x U) X x Eg{p) is an 
isomorphism. 

To show this, it suffices to prove that these two spaces coincide as representable 
functors on Spc. Any object of Spc is a colimit of simplicial sheaves of the 
form Y X A[ri], where F is a smooth scheme. Since Homspc(co/2m -F, — ) = 
Urn Homspc(-F, — ), we only need to show that the map 

Homspc {Y X /\[n], colirrii (X x f/j)) -> Homspc (Y x A[n],X x Eg{p)) 

is bijective for all Y G Sm^ and all n > 0. 

For any J-" G A°PShv (Nis^), there are isomorphisms 

Homspc (Y X A[n],J^) = J^niX) = Homshv(Nisfc) {Y,J^n) = Homspc {Y,J^n) , 

where is the n-th level of the simplicial sheaf J-". Since colirrii {X x U) and 
X X Eg{p) are constant simplicial sheaves, we are reduced to showing that the 
map 

Homspc {Y, colirrii {X x U)) Homgpc iY,X x Eg{p)) 

is bijective. 

On the other hand, it follows from [10| Proposition 2.4] that 

Homspc (Y, colirrii {X x Ui)) = colirrii Homspc {Y,X x Ui) 

^ colirrii [Homspc(V', X) x Homspc(V', f/i)] 

= Homspc(>^,X) X [colirrii Homspc(>^, 

= Homspc(>^,X) X YLomspciY, colirrii Ui) 

= Homspc (r,XxEG(p)) 
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which proves the lemma. □ 

Proposition 2.4. For any two admissible gadgets p and p' for G and for any 
X G Sm^, there is a canonical isomorphism Xg{p) — Xg{p') in ^{k). 

Proof. This was proven by Morel- Voevodsky [28, Proposition 4.2.6] when X = 
Spec (fc) and a similar argument works in the general case as well. 

For i,j > 1, we consider the smooth scheme Vij = (X x Ui x V-^/G and the 
open subscheme lAij = [X x Ui x Uj)/G. For a fixed i > I, this yields a se- 
quence {Vij,Ui,j^ fi,j)j>v where Vij ^hip) ^ vector bundle, Uij C Vij is 
an open subscheme of this vector bundle and fij : {Vi^Mi,]) {^ij+iMi,j+i) is 
the natural map of pairs of smooth schemes over Xq{p). Then {yi,jMi,j^ fi,j) j>i 
is an admissible gadget over Xq{p) in the sense of [2HI Definition 4.2.1]. Setting 
Ui = colirrij Uij and vTj = colirrij TCij, it follows from [loc. cit., Proposition 4.2.3] 

that the map Ui ^ Xq{p) is an A^-weak equivalence. 

Taking the colimit of these maps as z — )■ cxd and using [loc. cit., Corollary 1.1.21], 
we conclude that the map U -^g(p) is an A^-weak equivalence, where U = 

tt' 

colirrii j Uj. Reversing the roles of p and p', we find that the obvious map U — > 
Xg{p') is also an A^-weak equivalence. This yields the canonical isomorphism 

tt' o TT-i : Xg{p) ^ Xg{p') in n{k). □ 



2.2.1. Admissible gadgets associated to a given G-scheme. A careful reader may 
have observed in the proof of Proposition 12.41 that we did not really use the fact 
that G acts freely on an open subset Ui (resp. U'j) of the G-representation Vi (resp. 
Vj). One only needs to know that for each i,j > 1, the quotients {X x Ui)/G and 
{XxUj)/G are smooth schemes and the maps (X x Ui x Vpj/G — )■ {XxUi)/G and 
(X X Vi X Uj)/G — (X X Uj)/G are vector bundles with appropriate properties. 
This observation leads us to the following variant of Proposition 12.41 which will 
sometimes be useful. 

Let G be a linear algebraic group over k and let X G Sch^. We shall say that 
a pair (V, U) of smooth schemes over k is a good pair for the G-action on X, if V 
is a fc-rational representation of G and U C y is a G-invariant open subset such 
that X X f/ is an object of Sch^^gg^^. We shall say that the sequence of pairs 
p = {Vi, Ui)^^^ of smooth schemes over k is an admissible gadget for the G-action 
on X, if there exists a good pair (V, U) for the G-action on X such that Vi = V"®* 
and Ui ^ Vi is G-invariant open subset such that the following hold for each i > 1. 

(1) {Ui Q) V) U {V Q) Ui) C Ui+i as G-invariant open subsets. 

(2) codim^^^, (f/,+2 \ {U^+i ®V))> codim^^^^ \{U,®V)). 

(3) codimy^^j {V+i \ Ui+i) > codimy^ {Vi \ Ui). 

(4) X X f/, G Sch^_/,. 

Notice that an admissible gadget for G as in Definition 12.11 is an admissible 
gadget for the G-action on every G-scheme X. 
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Proposition 2.5. Let px and p'-^ he two admissible gadgets for the G-action on a 
smooth scheme X. Then there is a canonical isomorphism of motivic spaces 



colirrii { X x Ui] = colirrij [ X x f/' 



'3 - 

In view of Proposition 12.41 we shall denote a motivic space Xg{p) simply by Xq- 
The motivic space Be is called the classifying space of the linear algebraic group 
G following the notations of [28]. It follows from [28, Proposition 4.2.3] that the 
space Eg{p) is A^-contractible in 'H{k) and Lemma [2.31 implies that Bg{p) is the 
quotient of Eg{p) for the free G-action. Given X G Sm^, the motivic Borel space 
of X will mean the motivic space Xq € Spc. 

Corollary 2.6. Let H be a closed normal subgroup of a linear algebraic group G 
and let F = G/H . Let f : X Y be a morphism in Sm^ which is an H -torsor for 
the restricted action. Then there is a canonical isomorphism Xq = Yp in ^{k). 

Proof. We first observe from Corollary 12.2.2] that F is also a linear algebraic 
group over the given ground field k. Let p = (V^, f/i)j>i be an admissible gadget for 
G. The natural morphism G ^ F shows that each ^ is a fc-rational representation 
of G such that the open subset Ui is G- invariant, even though G may not act freely 
on Ui. In particular, G acts on the product X xUi via the diagonal action. Since H 

G 

acts freely on X and F acts freely on f/j, it follows that the map X x U ^ X x U 
is a G-torsor and hence p = {Vi, Ui)i>i is an admissible pair for the G-action on X. 

G F 

Since the map X x Ui —> Y x f/jisan isomorphism for every i > 1, we conclude 
from Proposition [23] that Xq = colinii (^X x U^ ^ Yf{p) in nik). □ 

Corollary 2.7 (Morita isomorphism). Let H be a closed subgroup of a linear 

algebraic group G and let X e Sm^ . Let Y denote the space X x G for the action 
h ■ (a;, g) = {h- x, gh~^) . Then there is a canonical isomorphism Xh — Yq in ^{k) . 

Proof. Define an action of x G on G x X by 

(2.1) {h,g)-{x,g') = {hx,gg'h'^) 

and an action of if x G on X by (/i, (?) ■ x = hx. Then the projection map 
X X G A X is {H X G)-equivariant and a G-torsor. Hence there is canonical 
isomorphism Xh = (X x G)hxg in 'H{k) by Corollary 12.61 

H 

On the other hand, the projection map XxG— J-XxGis {H x G)-equivariant 
and an if-torsor. Hence there is a canonical isomorphism (X x G)hxg — ^g in 
1-L{k) again by Corollary 12.61 Combining these two isomorphisms, we get Xh = Yq 
in H{k). □ 

3. The Bar construction 
Let G be a linear algebraic group over k and let Eq denote the simplicial scheme 



(3.1) E}.:=[---^GxGxG^GxG^G 
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with the face maps d\ : — G" (0 < z < n) given by the projections 

where Qi means that this coordinate is omitted. The degeneracy maps : — )■ 
Qn+i (0 < 2 < n) are the various diagonals on G. 

For any X G Sch^, let Eq x X denote the product of the simplicial scheme Eq 
with the constant simplicial scheme X. Thus, [Eq x X)" = G"'^^ x X in which the 
face and the degeneracy maps are identity on X. Notice that as G is smooth over 
k, the face maps of Eq x X are all smooth. Moreover, the degeneracy maps are 
all regular closed immersions. In particular, they have finite Tor- dimension. We 
shall use these facts while defining the algebraic i^-theory of simplicial schemes. 

The group G acts onE^xXhy g- {go, ■■■ ,gn, gx) = {gog^^, ■■■ , gn9~^, x). It is 
easy to check that all the face and degeneracy maps are G-equivariant with respect 
to this action and hence Eq and Eq x X are G-simplicial schemes such that the 
projections maps X ^ Eq x X — Eq are G-equi variant. 

We also consider the simplicial scheme 



(3.2) X*q:= y--- ^ G xG X X^ G X X ^X 

where the face maps : G" x X — )■ G^""^-* x X are given by 

{{.92, ■ ■ ■ ^ Qn, gix) ifi = 

(fi'i, ■ ■ ■ , fi'i-i, 9igi+i, 9i+2, ■■■ ,gn,x) if < 2 < n 
(gi, ■ ■ ■ , 9n-i, x) iii = n. 

The degeneracy maps sj^ : G" x X — )• G"'^^ x X are given by sl^{gi, - ■ ■ ,gn,x) = 
{gi, ■ ■ ■ , gi_i, e,gi,--- , gn, x), where e G G is the identity element. One observes 
again that all the face maps of Xq are smooth and all the degeneracy maps are 
regular closed immersions. The simplicial scheme Xq will be called the bar con- 
struction associated to the G- action on X. We shall often denote Xq by Bq 
when X = Spec (k), in analogy with the known bar construction associated to the 
classifying spaces in topology. 

It is easy to verify that there is a natural morphism of simplicial schemes 

(3.4) tix-.E'qxX^ X'q- 

{go, ■■■ ,gn,x) = {gogi^, gig2^, ■■■ , g-n-ign^, g-nx) 

which makes Xq the quotient of Eq x X for the free G-action. Hence, ttx is a 
principal G-bundle of simplicial schemes and there is a natural isomorphism of 
simplicial schemes 

G 

(3.5) Wx : E'q X X ^ X'q. 

3.1. Geometric models for the bar construction. Recall from [28^ § 4] that 
if G is a sheaf of groups on Nis//c, then a left (resp. right) action of G on a motivic 
space (simplicial sheaf) X is a morphism /i : G x X — )■ X (resp. /i : X x G — t- X) 
such that the usual diagrams commute. A (left) action is called (categorically) free 
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if the morphism GxX-^XxXof the form [g, x) i— )■ {gx, x) is a monomorphism. 
For a G-action on X, the quotient X/G is the motivic space such that 

(3.6) GxX^^X 

Px 

X >X/G 

is a pushout diagram of motivic spaces. 

A principal G-bundle (G-torsor) over a motivic space X is a morphism Y X 
together with a free G-action on Y over X such that the map F/G — i- X is an 
isomorphism. 

Let G be a hnear algebraic group over k. Since a simplicial smooth scheme 
is also a simplicial sheaf on Nis/fc, we see that Eq x X and Xq are objects of 
A°PShv (Nisfc). More generally, given a sheaf of sets F on Nis//c with a free G- 
action, we can consider a simplicial sheaf of sets 



(3.7) E'^{F) = {^■■^FxFxF^FxF^Fj 

where the face and the degeneracy maps are given exactly like in (13. ip . Then G 
acts freely on Eq{F) and we denote the quotient by Bq{F). 

Let TT : Eq — )■ Bq denote the principal G-bundle of (13. 4p . This is called the 

universal G-torsor over Bq. Let Bq A Bq be a trivial cofibration of motivic 
spaces with Bq fibrant. We shall assume in the rest of this section that 

(3.8) (f/, G) ^ H], {U, G) for all U G Sm^. 

This condition is equivalent to saying that all etale locally trivial G-torsors on 
smooth schemes over k are also locally trivial in the Nisnevich topology. Such a 
condition is always satisfied if G is special. Under this condition, it follows from 
[28] Proposition 4.1.15] (see also [ihid., p. 131]) that there is a universal G-torsor 
£g Bg such that for any sheaf of sets F on Nis/fc with free G-action, there is a 
Cartesian square of motivic spaces 



(3.9) E'q{F) ^ So 

B-q{F) Bg 

<PF 

where (pjr is well defined up to a simplicial homotopy. The following result is an 
easy consequence of [281 Proposition 4.1.20]. 

Lemma 3.1. Let p = {Vi,Ui)-~^-^ be an admissible gadget for G and let F = 
colimj f/j. Then the horizontal morphisms in the Cartesian diagram (13. 9 p are 
simplicial weak equivalences. 

Proof. Assume that p is given by a good pair (V, U) and let x G f/ be a /c-rational 
point. Using the condition (13. 8 p and [281 Proposition 4.1.20], we have to show that 
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if 5* is smooth henselian local and E = S xG ^ S is the trivial principal G-bundle 

G 

over S, then the morphism E x Ui ^ S splits for some i ^ in order to prove 
that (f)p is a simplicial weak equivalence. To find such a splitting, it suffices to find 
a G-equivariant morphism G ^ U. But it is given by the G-orbit Gx ?■ U. 

To show that (pp is a simplicial weak equivalence, we need to show using p8| 
Lemma 3.1.11] that for every smooth henselian local ring R, the map Eq{F){R) — )■ 
Sg{R) is a weak equivalence of simplicial sets. 

The vertical maps in (13. 9p are local fibrations with fiber G (cf. [281 Defini- 
tion 2.1.11, Lemma 4.1.12]). These local fibrations yield for us a commutative 
diagram of simplicial sets 



(3.10) 



G{R) > E'^{F){R) > B'^iF){R) 



£g{R) 



Bg{R) 



G{R) — 

where the rows are fibration sequences of simplicial sets. It follows from [171 Propo- 
sition 3.6.1] that the rows remain fibration sequences upon taking the geometric 
realizations. 

We have shown above that the right vertical map is a simplicial weak equivalence 
and hence a weak equivalence of geometric realizations. The left vertical map is 
an isomorphism. We conclude from the long exact sequence of homotopy groups 
of fibrations that the middle vertical map is a weak equivalence of geometric real- 
izations. Hence the map Eq{F){R) — )■ Sg{R) is a weak equivalence of simplicial 
sets. □ 

The following result shows that for an action of a linear algebraic group G on a 
smooth scheme X, the Borel spaces are the geometric models for the associated bar 
construction. This is a generalization of the geometric construction of Bq given in 
[281 § 4]. As a consequence, we get a more conceptual proof of Proposition 12.41 

Proposition 3.2. Let p = (VJ,, Ui)--^-^ be an admissible gadget for a linear alge- 
braic group G over k. Then for any X G Sm^, there is a canonical isomorphism 
Xg{p) = Xq in 'H,{k). In particular, Xg{p) does not depend on the choice of the 
admissible gadget p. 

Proof. It suffices to show using Lemma 12.31 that there is a canonical isomorphism 

Eg{p) X X ^X^in n.ik), where Eg{p) = colim, Ui. 

Taking F = Eg{p) = colim^ Ui in (13. 9p . we have a Cartesian diagram 



(3.11) 



E'g{F) 



Bh{F) 



G 



G 



of motivic spaces. We thus have a G-equivariant map Eq{F)xX ^'^^^'^^ '^^> £g^X, 

and hence a map of quotients Eq{F) x X — )■ Eg x X. We first show that this 
map is a simplicial weak equivalence. 
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To do this, we consider the commutative diagram 



(3.12) 



G 



where the vertical maps are local fibrations with fiber X. To show that 0x is a 

/ G \ 

simplicial weak equivalence, we need to show that the map I Eq{F) x X 1 [R) — > 



G 



Eg X [K] is a weak equivalence of simplicial sets for every smooth henselian 

local ring R. 

To show this, we use the commutative diagram 



(3.13) 



X{R) 



X{R) 



E'aiF) xX)iR) 



G 



{R) 



{Bh{F)) {R) 



Bg{R) 



where the rows are fibration sequences of simplicial sets. We have shown in 
Lemma 13.11 that the right vertical map is a weak equivalence. One now argues 
as in the proof of Lemma 13.11 to conclude that the map ipx is a simplicial weak 
equivalence. 



We have thus shown that the map Eq{F) x X 



<t>x. 



£g ^ X \s a. simplicial weak 

G 

equivalence. By taking F = G, we similarly see that the map Xq £g ^ X 
is a simplicial weak equivalence. Combining the two, we get a simplicial weak 

^ G 

equivalence Xq — )■ Eq{F) x X. 

We next think oi F = Eg{p) as a constant simplicial sheaf and consider the 
G-equivariant map of simplicial sheaves u : F ^ Eq{F) given in degree n by 

G ux ^ 

M„(a) = (a, ■ ■ ■ ,a). This in turn gives a map F x X — > Eq{F) x X. To 
finish the proof of the proposition, it suffices now to show that this map is an 
A^-weak equivalence. By [2Sl Proposition 2.2.14], it is sufficient to show that each 
ux,n '■ {F X X)/G —7- (F"+-^ X X) /G is an A^-weak equivalence. In order to do 

so, it suffices to show that the projection (F""*"^ x X) /G (F" x X) /G is an 
A^-weak equivalence for each n > 0. 

However, it follows from [2HI Lemma 4.2.9] that for each n,i > 1, the map 
(F X (f/j)" X X) /G — )• ((f/j)" X X) /G is an A^-weak equivalence. Taking the col- 
imit as i — )■ oo, we see from ^ Proposition 19] that px,n is an A^-weak equivalence. 
This completes the proof of the proposition. □ 
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4. EQUIVARIANT MOTIVIC COBORDISM 

In this section we define our equivariant motivic cobordism and study its basic 
properties. We need to work in the motivic stable homotopy category in order to 
define our equivariant motivic cobordism. We briefly recaU this below. 

4.1. The motivic stable homotopy category. The motivic stable homotopy 

category S'H{k) is the homotopy category of motivic T-spcctra over fc, where T is 
the pointed space (P^,,oo). A T-spectrum (or a motivic spectrum) is a sequence 
of pointed spaces E = {Eq, Ei,- ■ ■) with the bounding maps a : T A Ei ^ -Ej+i. 
A morphism of T-spectra is a morphism of the sequences of pointed spaces which 
commute with the bounding maps. The category of motivic spectra is denoted by 
Spt. We mention the following facts about motivic spectra for the convenience of 
the reader. 

(1) The category Spt has a model structure in which weak equivalence (resp. 
flbration) is the levelwise A^-weak equivalence (resp. fibration) and a cofi- 
bration is the one which has the left lifting property with respect to all 
acyclic fibrations. This model structure is proper and cellular. 

(2) There are isomorphisms of the pointed spaces 

T ^ AVA^ \ {0} = S^ AGrn 

where is the simplicial circle A^/dA^. 

(3) For any n > 0, there are functors F„ : Spc, Spt and Evn '■ Spt — )■ Spc» 
with Fn{A)^ = T'^-i^A if m > n and zero otherwise, and Evn{E) — E^. 
These functors form adjoint pairs {Fn,Evn)- The functor Fq will often be 
denoted by 

: Spc. Spt. 

(4) For any A G Spc, and a > 6 > 0, there is a Nisnevich sheaf 7r^\{A) on Nis/k 
which is the sheafification of the presheaf U i— )■ Hom^,(fe)(?7+ A). The 
space S"''^ here is the weighted sphere S"'~'' A (Gm)^^- 

(5) The stable motivic homotopy category Sl-L{k) is obtained by localizing the 
levelwise model structure (as in (1) above) so that the endomorphism Sj^ 
given by {Eq, Ei, ■ ■ ■ ) (T A i?o, T A Ei, ■ ■ ■ ) becomes invertible. More 
precisely, this is obtained as follows. 

Given a T-spectrum E — [Eq, Ei, - ■ U e Sm^ and a map f : U+ A 

g2n+a,n+b _^ E,,, WB get mapS 
U+ A ^2n+2+a,n+6+l ^ [/_^ g2n+a,n+b ^ g2,l _^ g2,l ^ ^ T A E^ ^ ^+1- 

In particular, there is a sequence of motivic sheaves 

■ ■ • ^ '^2n+a,n+b(^n) ^ '^2n+2+a,n+l+b(^n+l) ^ • • • 

and this yields the stable homotopy sheaf n^^i^E) := lin^ '^2n+a,n+bi^n) ■ 

n 

The stable homotopy category S'H{k) is the localization of the levelwise 
model structure on Spt so that f : E ^ F is a. stable weak equivalence if 
the map : 7r^f^{E) — )• tt^^i,{F) is an isomorphism for all a > 6 > 0. The 
category S'H{k) is a triangulated category symmetric monoidal category in 
which the shift functor is given hy E AE and LEt becomes invertible 
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with the inverse given by {Eq, Ei, ■ ■ ■) {pt, Eq, Ei, ■ ■ ■). We shall denote 
LSy still by St in what follows. 

(6) The Quillen pair (S^, Evq) : Spc, ^ Spt induces an adjoint pair of derived 
functors {E^,Evo) : n,{k) ^ SH{k). 

(7) Let Ss and T,t denote the endofunctors E A E and E Gm A -E on 
SH{k) and let E"-'' = S^"'' o for a > 6 > 0. For any E e SH{k), we 
define the i?-cohomology theory on S'H{k) by 

(4.1) E''^\F) = Hom5w(fc) (F, S'^'^E) . 
For X G Spc, one defines 

(4.2) E'''\X) = Hom5^(fc) S^-^E) . 

4.2. The motivic Thorn spectrum. We now recall the construction of the mo- 
tivic Thorn spectrum MGL defined by Voevodsky |1D]. This will play the main 
role in our definition and further study of the equivariant motivic cobordism. 

Recall that for a vector bundle p : E ^ B oti a. smooth scheme B with the 0- 
section Ob, the Thorn space of E is the pointed space Th{E) = E/ [E \ Ob) G Spc,. 
There is a canonical isomorphism 

(4.3) Th{E®OB)=T ATh{E). 

In particular, for a trivial bundle E of rank n, one checks easily that Th{E) = 
T" A B+. 

It follows from [281 Proposition 4.3.7] that there is a canonical isomorphism 
BGLn = G{n, oo) = colirrii G{n, i), where BGLn is the classifying space (cf. § l2.2p 
of the General linear group of rank n and G{n,i) is the Grassmannian scheme of 
n- dimensional linear subspaces of A;*. The colimit of the universal rank n vector 
bundles on G{n,i)^s defines a unique rank n vector bundle pn '■ En ^ BGLn- The 
rank n + 1 vector bundle E^ ® Obgl^ BGLn defines a unique map (a closed 

immersion) BGLn BGLn+i such that the diagram 

(4.4) En®OBGL^^En+l 

Pn+l 

BGLn — BGLn+l 

In 

is Cartesian. This yields a unique map Th{in) : T A Th{Un) — ?• Th{En+i)- The 
motivic Thom spectrum MGL is given by 

(4.5) MGL := {MGLo,MGLi,---), 

where MGLn = Th{Un) and the bounding map e„ = Th{in) '■ T A MGLn — ?■ 
MGLn+i- The resulting bi-graded MGL-cohomology theory on Srrifc as defined 
in (14. ip is called the motivic cobordism theory. This is an oriented ring cohomology 
theory in the sense of [30] . 
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4.2.1. The ring structure on MGL. Recall from |10] that Sl-L{k) is a symmet- 
ric monoidal category often denoted by (ST-Li^k), A, 5°), where is the spectrum 
(Spec {k)^y We also recall that MGL is a represented by a symmetric spec- 
trum. This spectrum is a commutative ring spectrum in the sense that it is a 
commutative, associative and unitary monoid in (SHlk), A, S^). In particular, 
the isomorphism ((X x X')+) ^ E?? (X+) A (X^) imphes that there is an 
external product 

(4.6) MG'L"'^(X) MGL''''^\X') ^ MGL''+"''^+^'(X x X') 
for X, y G S'pc. For X = X', this yields the internal product 

MGL^'^X) ®-E MGL^'^^'i^X) ^ MGL^+''''^+^' {X x X) MGL"+"''''+^'(X) 

such that = (— The unit element 1 G MGLl^'^{pt) is the constant map 
S^f (5°) ^ MGL mapping to the base point of MGL„. For any X G 5pc, the 
unit element 1 G MGLP'^ is given by the composite map S^(X+) — )■ E;^(S'°) — )■ 
MGL induced by the structure map X — > pt. 

4.3. The equivariant motivic cobordism. 

Definition 4.1. Let G be a linear algebraic group over k and let X G Sm^. For 
< 6 < a, we define the equivariant motivic cobordism groups of X by 

(4.7) MGL%\X) := MGL''^\Xg) 

where Xq is a Borel space of the type Xg(p) as in § 12. 2[ We set 

MGL^*(X) = © MGL^^(X). 

0<6<a 

We have seen in Proposition 12.51 that as an object of 7/(fc), Xq does not depend 
on the choice of an admissible gadget p. 

Lemma 4.2. For X, X' G Sm^, there are external and internal products 
MGL%\X) ®z MGLg'^'(X') A MGL^+"' (X x X'); 

MGL%\X) ®z MGLg'^'(X) ^ MGL^+"''^+^'(X) 

sitc/i t/iai a U /3 = (— l)"^"'/? U a. In particular, MGL*^ {X) is a bi-graded commu- 
tative ring. 

Proof. Set Z = X X X'. In view of (14.61) . we only need to show that there is a 
natural morphism Zq — > Xq x X'q in 'H{k). This will produce the desired map 
MGL*'*{Xg X X'a) MGL*'*{Zg) = MGL*(f{Z). 

Let p = {Vi, Ui)i>i and p' = {Vj, Uj)j>i be two admissible gadgets for G. Set 
Uij = (^Z X Ui X Uj)/G and U = colirriij lAi,j. We have shown in the proof of 
Proposition 12.41 that the maps U — ?■ Zg{p) and U — Zg{p') are A^-weak equiva- 
lences. In other words, there is a canonical isomorphism Zq = W in 'H{k). 

On the other hand, there are natural projection maps U — )■ Xg{p) and U 
Xq{p') which yield the desired morphism U — )■ Xq{p) x X^(p') in T-L^k). The 
internal product on MGLq*{X) is obtained by composing the external product 
with the pull-back via the diagonal of X. □ 
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5. Basic properties of equivariant motivic cobordism 

In this section we derive some basic properties of the equivariant motivic cobor- 
dism. The main result is show that the equivariant motivic cobordism is an exam- 
ple of an "oriented cohomology theory" on Sm^. In order to do this, we first study 
the notion of Thom and Chern structures (cf. [30]) on the motivic cobordism of 
ind-schemes. 

5.1. Ind-schemes as motivic spaces. An ind-scheme X in this text will mean 
an object of the type colirrii Xi in Spc, where {Xj}j>o is a sequence of cofibrations 
(monomorphisms) 



in Spc such that each Xi G Sm^. This definition of ind-schemes is more restrictive 
than the more general notion where one considers arbitrary filtered colimit of 
schemes. We shall denote the category of smooth ind-schemes by ISm^. 

A morphism in ISm^ is a morphism of sequences / : {Xi} — )■ {Yi} of smooth 
schemes. We shall say that a morphism / : F — )■ X of ind-schemes has a given 
property (e.g., etale, smooth, affine, projective) if each map /j : Fj — )■ Xi of the 
underlying sequences has that property. The morphism / is called a closed (resp. 
an open) immersion if each /j : Xj — )■ Yi is a closed (resp. an open) immersion 
of smooth schemes such that Xi = Xj+i fl Yi for each z > 0. It is clear that the 
complement of a closed (resp. open) immersion Y X of ind-schemes is the open 
(resp. closed) ind-subscheme U = colirrii {Xi \Yi). For an ind-scheme X and two 
ind-subschemes U,V (Z X, the union U UV and intersection U (IV are defined as 
the colimits of the individual unions or intersections. 

Since a colimit of motivic spaces commutes with finite limits, one has that 
colirrii (Xj xYi)^XxY. One also checks that for a morphism of ind-schemes 

/ : X — 7- y, there is a canonical isomorphism colirrii iYi/Xi) ^ Y/X m. Spc. 
There are obvious functors Sm^ — > ISm^ — )■ Spc where the first functor X h-)- 

(X^X — )•■■■) is a full embedding. The following result about the cofibration 
and weak equivalence between ind-schemes will be used frequently in this text. 

Lemma 5.1. Let f : {Xi} — )■ {Yi} be a morphism between two sequences of motivic 
spaces such that each fi : Xi Yi is a cofibration (resp. h}-weak equivalence). 
Then f : colirrii Xi — )■ colirrii Yi is also a cofibration (resp. A} -weak equivalence). 

Proof. It follows from [28, Corollary 1.1.21] that the natural map hocolimi Xi — )■ 
colirui Xi is a simplicial weak equivalence and hence an A^-weak equivalence by [T5| 
Proposition 3.3.3]. On the other hand, it follows from |15l Theorem 18.5.3] that 
the map hocolimi Xi — )■ hocolirrii Yi is an A^-weak equivalence as every motivic 
space is cofibrant. The assertion about cofibration is obvious. □ 

5.1.1. Vector bundles and projective bundles over ind-schemes. A vector bundle 
p : E ^ X of rank n over an ind-scheme is a sequence of vector bundles {Ei Xj} 
of rank n such that Ei = f*{Ei^i) for each i > and E = colirrii Ei. The 
maps iE '■ X -—^ E and Je : Ue "—^ E will denote the 0-section embedding and 
its complement respectively. One checks that Ue = colirrii Ui is an ind-scheme, 
where Ui = Ei\ Xi. The pointed space Th{E) = E/Ue = colirUi Th{Ei) is the 
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Thorn space of the vector bundle E over the ind-scheme X. It follows from [28| 
Example 3.2.2] and Lemma [571] that a vector bundle morphismp : E ^ X between 
ind-schemes is an A^-weak equivalence. A sequence of maps 

0^ E' ^ E ^ E" ^0 

between vector bundles on an ind-scheme X is exact if its restriction to each 
yields a short exact sequence of associated locally free sheaves. 

A vector bundle on an ind-schemes also gives rise to the associated projective 
bundle vr : F{E) — X in ISrrifc and F{E) = colinii F{Ei). Moreover, we have 

the tautological line bundle (!?£;-(— 1) on F{Ei) and cofibrations F{Ei) P(i?j+i) 
such that OeX~^) = K The colimit of these line bundles gives 

the tautological line bundle Oe{—^) on F{E). The following elementary lemma 
shows that Th[E) is the colimit of a cofiber sequence of Thom spaces over smooth 
schemes. 



Lemma 5.2. Given a Cartesian square 



(5.1) 



V 



U^X 

3 



of monomorphisms in Sm^, the map e : Y/V — )■ X/U is a cofibration in Spc. 

Proof. Since (15. ip is a Cartesian square of injective maps of smooth schemes, it 
is easy to check that the map Z = V Uy f/ — X is a monomorphism, i.e., a 
cofibration in Spc and the map Y/V — t- Z/U is an isomorphism in Spc. So we only 
need to show that the map Z/U — ?■ X/U is a cofibration. But this follows directly 
from [T5| Lemma 7.2.15]. □ 



5.1.2. Motivic cobordism of ind-schemes. The motivic cobordism of an ind-scheme 
(or any motivic space) X is the generalized cohomology 

MGL'''\X) = Romsnik) (S^X+, S"'^MGL) . 

Given an ind-scheme X and a closed ind-subscheme Y, the motivic cobordism 
MGLy^{X) is defined to be the motivic cobordism of the motivic space X/ (X\F). 
It follows from [T71 Proposition 6.5.3] that there is a functorial long exact sequence 
(5.2) 

> MGL''~^'\X\Y) 4 MGL^\X) MGL^'^X) MGL''^\X\Y) ^ ■ ■ ■ . 

Since MGL is a commutative ring spectrum and since X_(_ A pt = pt for any 
X G Spc, we see that given classes ai G MGLp^''"{Xi) and aa G MG'Ly^'^^(X2), 
there are maps 

(Xi X X2) ^ ^^^^ ^ ^^^^ ^ 



Xi X (X2 \ F2) U (Xi \ Fi) X X2 
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which yields a class ai x as e MGL^;+^/^+^^(Xi x X2). If Xi = X2 = X, we can 
compose with the diagonal map 

X _^ {X xX) 



X\{Y,n Y2) X X (X \ F2) U (X \ Fi) X X 
to get a product 

(5.3) MGLp^''" (X) X MGL"^^''" (X) ^ MGL^^+^f (X) . 

5.1.3. Milnor sequence. Suppose there is a sequence of cofibrations of pointed 

spaces 

(5.4) ^ Xo 4 Xi 4 X2 4 ■ ■ ■ 

with colimit X and let : Xj — )■ X be the natural cofibration. Let E denote 
a motivic f2-spectrum which is a commutative ring spectrum. Given a class ( G 
E°-'''{X), we get a natural class (0) = (fi'^lO) ^ H -^"'''(-^i)- This defines an action 

i 

of E*'*(X) on Yl E*'*{Xi) by (C, (oj)) i-^ (Ci«j)- One also checks that there is a 

i 

natural exact sequence 

^ hm E'''\Xi) Yl E'^'^Xi) A JJ E'''\Xi) hm^E"'''(Xi) ^ 

^ i i * 

where ^ = (i(i — (/j)) is i?*'*(X)-linear. In particular, there is a natural action of 
E*'*{X) on 1^ E*'*{X,i) and jim^E*'*(Xi). The following result from [HI Propo- 

i i 

sition 7.3.2] explains the relation between the motivic cobordism of the colimit X 
and its components. 

Proposition 5.3 (Milnor exact sequence). There is a natural exact sequence 

(5.5) lim^ E^-^^^Xi) E''^\X) 1^ E'''\X,) 

i i 

which is compatible with the action of E*'*{X) . 

Proof. This is proven in [T71 Proposition 7.3.2] (see also [321 Lemma A. 34] and [6l 
Corollary 9.3.3] ) and we give a sketch. 

The cofiber sequence (15.41) yields a sequence of fibrations of simplicial sets 

S (X, S"'^E) -> ^ ^ (Xi, S^'^E) ^S{Xo, T.'^'^E) S {pt, T.'^'^E) , 

where S (X, E"'^i?) = linii S (Xj, E). This yields a Cartesian diagram 

(5.6) S (X, S'^'^E) > n Homs.et. S (X„ 



n S (X„ S-'^E) — 7^ n (^., S-^'^E) X ^ (X„ S'^'^E) 
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in which the right vertical map is a fibration which is the restriction of a 1-simplex 
to its boundary. In particular, we get a fiber sequence 

(5.7) JJ 5 (S^ A Xi, S"'^E) ^ S {X, S'^'^E) ^ n ^'''''^) • 

i i 

Moreover, the above commutative diagram also shows that the diagram 

US{s'A x„ j:^''e) s (X, s-'^i?) n s (x„ s-'^e) 

i ^ i 

X > X — 

s (X, s"' 



X 



S {X, S'^ 



S {X, Y.^ '^ E) 



commutes in which the first vertical arrow is the map (/, (?) i— )■ h with /i(a Ab) = 
f{a Ab) A gib) G The long exact sequence of homotopy groups corre- 

sponding to (15. 7p and [T71 Lemma 6.1.2] now complete the proof of the proposition. 

The naturality of the Milnor exact sequence with respect to the map of se- 
quences {Xj} — > {Yi\ is shown in Corollary 9.3.3] and follows also from the 
diagram (15. 6p . □ 

As a consequence of Proposition 15. 3[ we get the following form of excision for 
the motivic cobordism of ind-schemes. 

Corollary 5.4. Let f : U ^ X be an etale morphism of ind-schemes and let Z C 
X be a closed ind-subscheme such that the map f~^{Z) Z is an isomorphism. 
Then the map f* : MGL*^*{X) — )■ MGL*^*{U) is an isomorphism. 

Proof. Translating the problem in the language of sequences of smooth schemes 
and applying Lemma 15.21 and Proposition 15.31 we get the following commutative 
diagram of short exact sequences. 



(5.8) 



^ 1^^ MGLz~ '*{X,) ^ MGL*/{X) ^ 1^ MGL*£{X,) 







/* 



1^^ MGV~^'*{Ui) 



r 



r 



MGL*/{U) lim MGL*£{Ui) 0. 



The vertical maps on the two ends are isomorphisms because (X, U) MG'L^*j^(X) 
is a cohomology theory on the category of smooth pairs of schemes. We conclude 
that the middle vertical map is also an isomorphism. □ 

5.2. Thorn and Chern structures on the cobordism of ind-schemes. In 
[30] , Panin shows that any ring cohomology theory on the category Sm^ can in 
principle be equipped with three types of structures, namely, the Thom structure, 
the Chern structure and an orientation and these three structures are equivalent 
to each other. He further shows in [31] that each of these three structures on a ring 
cohomology theory on Sm^ is equivalent to a trace structure. This trace structure 



18 



AMALENDU KRISHNA 



gives functorial push-forward maps on the cohomology groups under a projective 
morphism. All these are well known in topology. A ring cohomology theory with 
these structures is called an oriented cohomology theory. It is known (cf. [30| 
Example 3.8.7]) that the motivic cobordism on Sm^ is an oriented cohomology 
theory. The Thom and the Chern structures for this cohomology are given as 
follows. 

The structure of T-spectrum on MGL gives unique maps i„ : T" A MGLi 
MGLn+i- Since T Apt = pt, we get a canonical map 

{MGLi,T A MGLi,T^ A MGLi, ■ ■ • ) ^ {pt, T A MGLi,T A MGL2, ■■■) 

where MGLi Apt = pt is the obvious map and T" A MGLi T A MGLn is 
the map A idj'. This gives a canonical map th : Th ((9poo(— 1)) = MGLi — )■ 
Ti^^^MGL and equivalently, a canonical element th G MGL^-i (T/i (Cpoo(-l))). 
One defines the Chern class 

^ = ci (Cpoo(-l)) = s* (th) G MGL^'i (P~) 

where s : P°° — (9poo(— 1) — )■ MGLi is the composite map. 

Our aim now is to suitably extend the notions of Thom and Chern structures 
for the motivic cobordism of ind-schemes. This extension will in turn be used to 
establish some basic properties of the equivariant cobordism. 

Let X = colimi Xj be an ind-scheme and let vr : L — )■ X be a line bundle. 
We associate the Thom class th(L) G MGL^-^^L) in the following way. Let vTj : 
Li — )■ Xi be the restriction of L to Xj via the cofibration gi : Xi X. The 
existence of the Thom structure on Smfc yields an inverse system of Thom classes 
{th(Li) G MGL\]{Li)}. Set th(L) = ^ th(Li). Since Th{L) is the colimit of a 

i 

cofiber sequence, we can use Proposition 15.31 to get a short exact sequence 
^ Jim^ MGL]^]{L,i) MGLf{L) \^ MGLf^{Li) 

i i 

which is compatible with the action of MGL*-^{L). 
On the other hand, the Thom isomorphism 

U th(Li) : MGL-^'°(Xi) ^ MGL^^(L,) 

(cf. |30l Definition 3.1]) implies that each term MGL^^(Lj) vanishes and hence 
there is a natural isomorphism 

(5.9) MGLf{L) ^ 1^ MGLf^{Li). 

i 

We conclude that th(L) defines a unique class th(L) G MGL^-^i^L) whose re- 
striction to MGLj^,{Li) is the Thom class th(Li). The element th(L) is called 
the Thom class of L. The Chern class Ci{L) G MGL^'^(X) is defined as the class 

s2(th(L)), where sl '■ X L Th{L) is the composite map. It is easy to 
see from the above construction of the Thom class (and hence the Chern class) 
that given a map / : F — )■ X of ind-schemes and a line bundle L on X, one has 
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th(/*(L)) = /* (th(L)) and Ci = /* (ci(L)). It follows in turn from this 

that ci(lx) = 0, where Ix is the trivial line bundle on X. 

5.2.1. Projective bundle formula and Chern classes for ind-schemes. Let X = 
colirrii Xi be an ind-scheme and let Ehe a. vector bundle of rank n over X and let 
vr : ¥{E) — i- X be the associated projective bundle. Let = Ci {Oe{—^)) be the 
Chern class of the tautological line bundle. This yields a natural map 

(5.10) 0x : MGL*'*{X) © ■ ■ ■ © MGL*'*{X) MGL*'* (P(^)) ; 

n-l 

0x (ao,«i, • • • = ^ 7r*(aj)-^^. 

It follows from Proposition 15.31 that there is a commutative diagram of short 
exact sequences 

(5.11) 

O^Jim^ (MGL*-i'*(Xi))®"^(MGL*'*(X))®"^l^ (MGL*'*(Xi))®" ^ 

i « 

lim^0i (t>x lim 

^ Jim^ MGL*-^'* (P(^i)) ^ MGL*'* (P(^)) ^ Jim MGL*'* (P(^0) 0. 

The left and the right vertical maps in (15. lip are isomorphisms by [301 Theo- 
rem 3.9] as each Xi is a smooth scheme over k. We conclude that the middle vertical 
map is an isomorphism. This in particular yields the projective bundle formula 
for the vector bundles on ind-schemes. If is a trivial bundle, then F{E) is the 
pull-back of a map F{E) P^-^ and hence = 0, again by [301 Theorem 3.9]. 

As in the case of schemes, the projective bundle formula gives rise to a theory 
of Chern classes {co{E), ci{E), ■ ■ ■ , Cn{E)} of a vector bundle E of rank n on an 
ind-scheme X such that Co{E) = 1 and Ci{E) e MGL^'''{X) is the unique element 
such that 

(5.12) Ce-^* (ci(E))-er' + - ■ ■ + (-l)"-^vr* (cn-,m<E + {cr^m = 

in MGL'^"'''^ {F{E)). We set Ci{E) = for i > n. If E is a vector bundle of rank one, 
then the map vr : ¥{E) — >■ X is an isomorphism such that Oe{—^) — E and hence 
the above equation shows that Ci (E) is same as the one defined before. As another 
consequence of the projective bundle formula, we get the following extension of 
[301 Corollary 3.18] to ind-schemes. 



Corollary 5.5. Let Ei and E2 he two vector bundles on an ind-scheme X and let 
^{Ei) IP(£'i © E2) be the inclusions of the the projective bundles. Then there is 
a canonical short exact sequence 

^ MGL;'*^^) (P(Ei © E2)) MGL*'* {F{Ei © E2)) % MGL*'* (P(^2)) ^ 0. 

Proof. This is an immediate consequence of the projective bundle formula and the 
homotopy invariance and the proof is exactly like in the case of schemes. We give 
a sketch. 
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Let Ui ^ P(-Ei © E2) denote the complement of P(-Ei) for i = 1, 2. Then there 
is a natural projection P2 '■ Ui ^ P(-E2) which is a vector bundle such that there is 

a factorization ¥{£2) Ui ^ P(-E'i © E2) of 62 with 772 being the zero-section. In 
particular, 772 is an A^-weak equivalence. Thus we can replace MGL*'* (Ui) with 
MGL*^* (P(^2)) and with in the long exact sequence (cf. (lOl ) 



^ MGL;-*^^) (P(Ei © ^2)) ^ MGL*'* (P(^i © E2)) ^ MGL*'* (Ui) ^ ■ ■ ■ . 

Hence one only needs to show that each map l* is surjective. But this follows 
from the projective bundle formula (15.101) and by noting that the tautological 
bundle on P(-Ei © E2) restricts to the tautological bundle on each F{Ei). □ 



5.2.2. Cartan formula for Chern classes. It follows directly from the above def- 
initions that the Chern classes of vector bundles on ind-schemes satisfy all the 
standard properties of a Chern class theory except the Cartan formula. To estab- 
lish this formula, we need to prove some intermediate steps, following the approach 
of Panin in the case of schemes. 

Lemma 5.6. Let a : E ^ E be an epimorphism of vector bundles on an ind- 
scheme X. Then there exists a morphism of ind-schemes tt : Y X which is a 
A^-weak equivalence and such that the epimorphism 7i*{a) splits. 

Proof. This was proven by Panin in the case of schemes. We show that this ap- 
proach also works for ind-schemes. So let : i^j — )■ Fi be the epimorphism of 
vector bundles on the scheme Xj where X = colimi Xj. In view of Lemma 15. ![ 
all we need to do is to find a sequence of smooth schemes {Yq ^ Yi ^ ■ ■ ■} and 
map of sequences vr : {Yj} — > {Xj} such that the following hold. 

(1) Each TTj : — 7- Xi is an A-'^-weak equivalence, 

(2) There exists a splitting /3j : n*{Fi) 7i*{Ei) of vr*(aj), and 

(3) For each «>0, g*{/3,+i) = Pi. 

Given this datum, we take Y = colimi Yi and /3 = colimi Pi. Then /3 : vr*(F) — )• 
TT*{E) yields a splitting of it* (a) on the ind-scheme Y. 

For each i > 0, consider the vector bundle Gi = HomXiiFi, Ei) whose fiber at 
any point a; — )■ Xj is the space of linear maps {Fi)^ — >• {Ei)^ of A;(a;)-vector spaces. 
It follows that = Gi where fi : Xi ^ Xj+i is the given cofibration. Setting 

Hi = TiomXiiFi, Fi), we have the compatible system of maps a* : Gi — )■ Hi given 
by f H-> aj o t>. Let Yi Gi be the subscheme such that the front and the back 
faces of the diagram 
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(5.13) 




are Cartesian where 9i — )■ Hi is the section of the projection Hi Xi corresponding 
to the identity map of Fj. Notice that all the maps in this diagram are cofibrations. 
Since f*{Gi+i) = Gi, one easily checks that = Yi. The pairs {ni,Li) 



uniquely define the maps /3j : Ti*{Fi) — )■ i^*{Ei) such that vr* 



.ai 



J-vr*(F,)- 

Moreover, = Yi is equivalent to saying that = A- Finally, it is 

well known that each vTj is an affine bundle and hence an A^-weak equivalence. □ 

Lemma 5.7 (Splitting principle). Let E ^ X he a vector bundle of rank n over 
an ind-scheme X . Then there exists a morphism of ind-schemes n : Y ^ X such 
that 

(1) 71* (E) is a direct sum of line bundles and 

(2) for any morphism of ind-schemes f : X' ^ X , the map MGL*'*{X') — )■ 
MGL*'*{Y Xx X') is split injective. 



Proof. In view of the projective bundle formula for ind-schemes in § I5.2.H Lemma [5^ 
and the known standard techniques in case of schemes, we only need to show that 
given a vector bundle E over X, one has a short exact sequence 

^ Ci?(-1) ^ p*iE) ^ E' ^0 

of vector bundles on the projective bundle p : F{E) — )■ X. But this is well known for 
schemes and moreover the maps (— 1) — ?■ p*{Ei) are canonical and compatible 
with the cofibrations fi : Xi ^j+i since Ei = f*{Ei^i). □ 

Using the splitting principle, we can extend the theory Chern classes of vector 
bundles on ind-schemes as follows. 

Proposition 5.8. Given an ind-scheme X and a vector bundle E ^ X , there are 
Chern classes Ci{E) e MGL'^'''{X) such that 

(1) Co{E) = l,Ci{E) = for i > rank(£') such that Ci{E) coincides with the 
Chern class c{E) as in § 15. if E is a line bundle. 

(2) Ci{E) = Ci{E') if E ^ E' and f*{ci{E)) = Ci{f*{E)) for a map of ind- 
schemes f : Y ^ X . 

(3) c{E) = c{E') ■ c{E") if there is a short exact sequence ^ E' ^ E ^ 
E" of vector bundles, where c{E) = 1 + Ci{E)t + C2{E)t^ + ■ ■ ■ is the 
Chern polynomial. 
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Proof. We only need to show the Cartan formula c{E) = c{E') ■ c{E") for which we 
can use the second property and Lemma [STl to reduce to the case when E = F(BL, 
where L is a line bundle and F is a vector bundle of rank n. 

Using the definition of the Chern classes, it suffices to show that 

(5.14) (e - ci(L)) {C - c,{F)C-' + ■■■ + (-l)"c„(F)) = 

in MG'L2"+2.'^+i (P(E)), where ^ = Ci 

Set a{F) = C - ci{F)C~^ + ■■■ + (-l)"c„(F). Since the tautological line 
bundle on F{E) restricts to the tautological line bundles on F{L) and P(-F), it 
follows from (KWl and Corollary [53] that ^ - ci(L) e MGL^lp^ (P(E)) and 

a{F) G MGL^^£^ {F{E)). In particular, we conclude from fl5.3l) that the class 
- ci(L)) a{F) in MGL^'^+^.n+i ig in the image of the map 

MG'Ljyj;^;) (P(F)) ^ MGL2"+2,n+i (p(^)) . 
The desired assertion fl5.14p now follows by observing that F{F) fl F{L) = 0. □ 

5.2.3. Thorn classes and Thorn isomorphism for ind-schemes. Using the theory of 
Chern classes, we now define the Thom classes of vector bundles on ind-schemes 
and prove the Thom isomorphism. More precisely, we prove the following. 

Proposition 5.9. Given an ind-scheme X and a vector bundle p : E X of rank 
n, there exists a class th(£') G MGL'^x'^{E) such that 

(1) th{E) = th(F) tfE = F; 

(2) /* {th.{E)) = th {f*{E)) for a morphism f : Y ^ X of ind-schemes; 

(3) the map thf : MGL^'^X) MGL^+^"'*+"(E) given by a ^ p*{a) ■ th{E) 
(cf. (15. 3p ) is an isomorphism; 

(4) given the projections qi : Ei ® E2 ^ Ei, (i = 1,2), one has 

ql (th(Ei)) ■ ql (th(£;2)) = th(Ei © 

(5) for a line bundle L on X, the class th(L) coincides with the Thom class defined 

(6) for a line bundle L on X , one has th^(l) = th(L) and s\ oth^(a) = ci(L) ■ a 
for every a G MGL*'*{X) where Sl : X ^ L Th{L) is the composite map. 

Proof. Let F = E (B Ix and consider the projective bundle vr : F{F) — )■ X. As in 
the case of schemes, there is a short exact sequence — )■ lp(F) ^*(-^) ® C^f(1) — ^ 
G — >■ of vector bundles on F{F). It follows from Proposition 15 .81 and Corollary l5.5l 
that c„ {7r*{E) ® e MGL'^x''" (^{F)). On the other hand, we can apply 

Corollary 15.41 to the inclusions X E — ^ P(F) to see that the natural map 
e*p : MGL*j^* {F{F)) — )■ MGL*-^{E) is an isomorphism. This gives us a unique 
element (the Thom class) th{E) = c„ {tt*{E) ® Of{1)) m MGlf'^'iF). The first 
and the second properties of these Thom classes follow from their construction and 
the second point of Proposition 15.81 

To prove the third property, we first notice that the above construction of the 
Thom class coincides with that in [30j if X is a smooth scheme. Moreover, since 
each Ei is the restriction of E on Xi, it follows from the second property of the 



THE MOTIVIC COBORDISM FOR GROUP ACTIONS 23 

Thorn classes that th.{Ei) = th(£^)|£.. We can thus apply Lemma [5.21 and Propo- 
sition 15.31 to get the following commutative diagram of short exact sequences. 
(5.15) 

> 1^^ MGL^-^^\X,) y MGL^^^X) > 1^ MGL^^\Xi) > 

i i 

^ 1^^ MG'L^+'"-'''+"(E,) ^ MGL;;,+'"'''+"(E) ^ l^ MG'L^+'"''+"(Ei) ^ 0. 

i i 

The vertical maps on the two ends are isomorphisms by the Thom isomorphism 
for the motivic cobordism of smooth schemes. It follows that the middle vertical 
map is an isomorphism too. This proves the property (3). The property (4) follows 
directly from the Cartan formula in Proposition 15. 8l and Corollary 15 . 51 and the proof 
works exactly like in the case of schemes (cf. [301 Theorem 3.35]). We now prove 
the last property to complete the proof of the proposition. 

Let p : L — )■ X be a line bundle and let us temporarily denote the Thom 
class as defined in § 15.21 by th(L). We now recall from (15. 9p that the natural 
map MGLf{L) Jim MGLf^iU) is an isomorphism and by the construction, 

i 

th(L) e MGL'/iL) is the unique class which restricts to th(Lj) G MGL-^, {Li) 
for each i. By the property (2) of the proposition, the class th(L) also restricts 
to th(Lj) G MGL'^x^{Li) for each i. It follows from the isomorphism (15. 9p that we 

must have th(L) = th(L). 

The fact that th^(l) = th(L) now follows because the the horizontal maps in 
the commutative diagram 



(5.16) 



MGLO'O(X) ^1^ MG'LO'0(Xi 



thi 



MGLf{L) 



th. 



1^ MGLf^iLi 



are isomorphisms and one knows from [30l Theorem 3.35] that th^.(l) = th(Lj) 
for each i > 0. 

To prove the last property, one first observes that p* is a ring isomorphism and it 

follows from that the map MGL*£{E) % MGL*'*{E) is MG'L*'*(E)-linear 
for any vector bundle ii^ on X. Now the desired assertion follows from property 
(5) and the definition of the first Chern class of line bundles in § 15.21 □ 



6. Gysin map for motivic cobordism of ind-schemes 

In this section, we construct the Gysin maps : MGL*'*(Y) MGL*'*{X) 
for a given closed embedding of ind-schemes l : Y X. For a closed immersion 
y ^ X of smooth schemes, let Nx{Y) denote the normal bundle of Y in X. Recall 
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from \31[ Definition 2.1] that a commutative square of smooth schemes 



(6.1) rAr 




is called transverse if it is Cartesian, the map t is a closed immersion and the map 
Nx'{Y') — )■ g* {Nx{Y)) is an isomorphism. 

Definition 6.1. We shall say that a closed immersion of ind-schemes l : Y ^ X 
is strict if the square 



(6.2) 



Yi — I Yi^i 



Ji 



is transverse for each i > 0. An open immersion j : F X of ind-schemes is strict 
if the square (16.21) is Cartesian. If (16. ip is commutative diagram of ind-schemes, 
then we shall say that this square is transverse if it is so at each level i > and l 
is a strict embedding. 

If t : y X is a strict closed immersion, then the normal bundles {NxXYi}} 
define a vector bundle Nx{Y) on the ind-scheme Y [cf. § IS.l.ip of rank d where 
d = codimxXYi) is called the codimension of Y in X. This vector bundle will be 
called the normal bundle of y in X. It is easy to check that if (16. ip is a transverse 
square of ind-schemes, then l' : Y' X' is a strict closed embedding and the map 
Nx'iY') — )■ g* [NxiY)) is an isomorphism. Note also that if (16. ip is a Cartesian 
square of ind-schemes such that t is a strict embedding and / is an open immersion 
(not necessarily strict), then it is transverse. If (16. ip is a transverse square of ind- 
schemes such that L and / are strict closed embeddings, then we shall say that X' 
and Y intersect transversely in X. In such a case, the sequence {Yi fl X[} defines 
a strict closed ind-subscheme y fl X' of X. 

It is also easy to see that if t : F X is a strict closed embedding of ind-schemes 
with normal bundle X, then Y x {0} — )■ X x is also a strict closed embedding 
with the normal bundle ly ©X. Let M' denote the blow-up of X x along Y x {0} 
and let M = M' \ BIyx{o}{X x {0}) = M\ BIy{X). Then M' is an ind-scheme 

{M^ % M[ % ■■■} with the open ind-subscheme M = {Mq % Mi % ■ ■ ■} 
(cf. [131 Corollary II. 7. 15]). We obtain the following deformation to normal cone 
diagram of ind-schemes. 
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(6.3) 



Y > Y X Y 

ko fci 




where the two top squares and the bottom left square are transverse. This induces 
the maps of motivic spaces 



(6.4) 



Th{N) ^ M/{M \{Y X A^)) A X/{X \ Y). 



It follows from Theorem 3.2.23] and Lemma [5.11 that the maps Jq and j\ are 
A^-weak equivalences. In particular, we get a functorial A^-weak equivalence 



(6.5) 



tx,Y = (Jo)'' ° Ji ■ X/{X \ Y) ^ Th{N). 



l^et G -.V = M\{Y X K^) ^ M and G' = M' \{Y x A^) ^ M' denote the 
open inclusions. 

Lemma 6.2. The map 

(jo*, G'*) : MGL*'*{M') MGL*'* (P(l © N)) © MGL*^*{V') 
is injective. 

Proof. We first consider the commutative diagram 



(6.6) 



Jo 



mg'l;;;^i(m') ^ mgl*/ (p(i © a^)) 



MGL*/^^,iM) 



35 



MGL*/{N). 



The two vertical maps are isomorphisms by Corollary 15.41 and we have seen 
above that the bottom horizontal map is an isomorphism. It follows that Jq is an 
isomorphism. 

The lemma now follows by using the commutative diagram 



(6.7) 



MGL*yl^,{M') ^ MGL*y* (P(l © N)) 



MGL*'*(M') — > MGL*'* (P(l © A^)) 
io* 



Corollary [53] and ( E?2\i . 



□ 
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Definition 6.3. Given a strict closed embedding l : Y ^ X of ind-scliemes of 
codimension d, we define the Gysin map : MGL°^'^{Y) AfG'L"+^'^'''+'^(X) as 
the composite 

^^■^^ 

where X — — )■ X/ {X \ Y) is the quotient map. 

Since all the maps in this sequence are MGL*'* (X)-Iinear, we see that the Gysin 
map is MGL*'*(X)-linear. In particular, we have the projection formula 

(6.9) t*(6*(a)) = a-i,(l). 

Proposition 6.4. The Gysm maps : MGL*'*{Y) MGL*'*{X) satisfy the 
following functoriality properties. 

(1) Base Ghange : // (16. ip is a transverse square of ind-schemes, then the 
diagram 

(6.10) MGL*'*{Y) ^ MGL*'*{Y') 

MGL*'*{X) jf MGL*'*{X') 

commutes. 

(2) Identity : id,,, = id. 

(3) Gysin exact sequence : For a strict closed embedding l : Y "-^ X of codi- 
mension d with the complement j : U X , the sequence 

> MGL''-^^\U) 4 MG'L'^-2d,fe-d(y) ^ MGL'^'^X) A MGL''^\U) 4 ■ ■ • 

is exact. 

(4) Section of a projective bundle : If E is a rank n vector bundle on Y and 
s : y — )■ P(l©£') is the zero-section of the projective bundle p : ¥{1(BE) — )■ 
Y, then = (-) ■ (th(E)) op*. 

(5) Smooth divisor : If t : D ^ X is a strict embedding of a smooth divisor, 
then i,(l) = ci {L{D)). 

l' b 

(6) Functoriality : For strict closed embeddings Z ^ Y X of ind-schemes, 
one has o t'^ = [lo i')^. 

Proof. Since the isomorphism t*x y in ( 16. Sp and the map v\ y in ( 16. Sp are functorial, 
the commutativity of (16.10p is a direct consequence of the functoriality of the Thom 
classes from Proposition 15.91 and the transversality condition. The property (2) 
follows directly from the definition and the property (3) is a direct consequence of 
the above definition, the Thom isomorphism and (15. 2p . The property (4) follows 
immediately from the definition of the Gysin map and that of the Thom class in 
Proposition 15.91 using Corollary 15.41 

To prove property (5), we consider the diagram 16.31 and set F' = j o F and let 
s : D ^ P(l © A^) denote the closed embedding. The transversality of the squares 
and property (1) yield a commutative diagram 
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(6.11) 



MGL*'*{D) 



MGL*'* (P(l © A^)) 



MGL*'*{D X 



MGL*'*{D) 



F' 



MGL*^*{M') 



MGL*'*{X). 



Jo 3i 

Since k\ is an isomorphism, it follows from the functoriality of the Chern classes 
(cf. Proposition I5.8P that it is enough to show that 

(6.12) Flil) = ci(L'), where L' = L {D x A^) . 

Using property (4) and the definition of the Thom class, we get 

j-(ci(L')) = Ci(Oie^(l)®p*(iV)) 



s*(l) 

s* o /c*(l) 



Since the elements ci(L') and -^,^(1) vanish in MGLq*{V'), we conclude from 
Lemma [6.21 that -F^'(l) = Ci(L') which proves 06.121) and hence property (5). 

We prove property (6) in several steps by imitating the proof for the case of 
smooth schemes. In the first step, we show that if X is an ind-scheme and 
{Dj}i<j<n is a collection of strict smooth divisors which intersect transversely 

n 

in X with Y = D Dj, then 



(6.13) 



L. 



where l -.Y --^ X is the strict closed embedding and Lj = L{Dj). 

n 

To prove this, we set = © L*{Lj) and consider again the deformation diagram 



(6.14) 



Y 



ko 



^Y X 



F' 



Y 



X. 



Let p : P (1 © N) Y he the projection map. It is easy to check that the proper 
transform Mj of Dj x in M' are all strict smooth divisors which intersect 

n 

transversely with y x A = fl M-. Moreover, each M' intersects P(1©A^) 

j=i 

transversely such that the intersection Pj = P(l©A''j) is a smooth divisor in 
P (1 © A^), where Nj is the direct sum of all line bundles on Y except L*{Lj). The 
line bundle L{Pj) is isomorphic to the line bundle p* o i*{Lj) ® Oi^^i^)- It follows 
from Proposition 15. 81 that c„ {p*{N) (g) Ci07v(l)) is the product of the Chern classes 
ci (p*o6*(L,)©Oie^(l)). 

The line bundle L'j = L{Mj) restricts to L{Pj) over P(1©A^) and hence is 
isomorphic to the line bundle p* o L*{Lj) © Ci07v(l)- We also have ji{L'j) = 
Lj. Therefore, we have the relation Jq* (ci(L^.)) = ci {p* o L*{Lj) © OiQ,iy{l)) in 
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MGL*'* (P(l © N)) and the relation f* (ci(L;.)) = ci{Lj) in MGL*^*{X). It fol- 
lows from property (4) that 

n 

(6.15) s,{l) = U ci(p*oi*(L,)®Oieiv(l)). 

i=i 

Next we show that 

(6.16) f:(i) = u ci (l;.) . 

To prove this, we first observe that FI{1) vanishes in MGL*'*{V') as follows 
from fl5.2p . On the other hand, Ci [L'j) vanishes in MGL*'* (M' \ Mj) and hence 

comes from MGL*^, (M') by ([E2D again. It follows from that U Ci (L', ) 

comes from MGLy^^i(M') and hence vanishes in MGL*'*{y'). We now compute 



U ci(p* oi*(L,-) ® Cieiv(l)) 
i=i 

=^ s,(l) 

s*oA;*(l) 

Jo*°^:(l), 

where the equalities f and ff follow from f l6.15p and property (1) respectively. The 
relation f l6.16p now follows from Lemma 16.21 
Finally, we have 

n \ n 

© lA = U ci(L,) 

3=1 I J=l 



3 



where the equality f follows from property (1). This completes the proof of fl6.13p . 

The second step is to show the following. Let Y be an ind-scheme and let 
0— j-A^— >M— j-F— J-Obea short exact sequence of vector bundles on Y such 
that rank(F) = d. Let i : P (1 © iV) ^ P (1 © M) be the inclusion map and let 
p : P (1 © M) — > y be the projection. Then one has 

(6.17) 6,(1) = c,(p*F®OieA./(l)). 

Using the splitting principle (Lemma l5.7p and property (1), we can assume that 

j=d 

F = ® Lj is a direct sum of line bundles, in order to prove fl6.17p . Let Mj 

be the preimage of the direct sum of all summands of F except Lj and set Dj = 
P (1 © Mj). Then {Dj} is a collection of strict smooth divisors on P (1 © M) which 
intersect transversely with the intersection P(l © A^). Moreover, the line bundle 
L{Dj) is isomorphic to the line bundle p*{Lj) © (9i®m(1)- It follows from fl6.13p 
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that 

n 

= U ci(L(D,)) 

= U ci(p*(L,)®CieAf(l)) 
i=i 

= Q(p*(F)®OieM(l)) 

which proves (16. 171) . 

In the third step, we prove the composition property in the special case of the 

s' L 

strict inclusions Y —> F {1 Q) N) — )'P(1© M) in the situation of the second step. 
Let s = L o s' denote the section of the projection map p using the identification 
Y = F{1). We then show that 

(6.18) s* = o s'^. 

To prove this, we note that both sides are MGL*'* (y)-linear maps and hence 
it suffices to show that s*(l) = o s'^(l). Let n = rank(A^). We then have in 
MGL*'* (P(l ©M)): 

= 6.[6*(Cn(p*(iV)®C»ieM(l)))] 

= 6,(l)Uc„(p*(iV)©OieM(l)) 
= [cd {p*{F) © OieM(l))] U [cn {p*{N) ® OieAf(l))] 
(p*(M)©OieAf(l)) 

= s,{l) 

which proves (16.181) . 

In the final step, we complete the proof of the composition property of the Gysin 

map. So let Z — )■ y — )■ X be given strict closed embeddings of ind-schemes. We 
consider the deformation diagram 



(6.19) vZxK^^Z 

s' i' 

F{l®Ny{Z))-^Ml,^Y 

Jo H 

f>{l®Nx{Z))^M'^^X, 

where s = o s', = J o and My is the proper transform of y x in 
M'x- Moreover, all the squares are transverse. Using this transversality of the left 
squares, we get the relations 

o < ok* = s^o ij^)^ o Fj = u^r o J, o Fr 

and 

s.ok* = {j^yo{joF^),. 
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We have shown in (16.181) that o s'^ = s*. Thus we get 

(jo^)*o[(JoF^),-J,oFf]=0. 

Since (JoF^), and J*oFj both vanish in MGL*'*{V;^) where = M'-^\{ZxA^), 
it follows from Lemma [62] that (J o F^)^. = J^, o Fj. 

Using the transversality of the right squares in the above diagram, we get the 
relations 

= (jf)*oJ,oFf 
= o l'^ o kl. 

Since ki is an A^-weak equivalence, we conclude that [l o l')^ = o l'^. This 
completes the proof of the composition property and hence the proof of the propo- 
sition. □ 



7. Basic properties of equivariant cobordism 

Let G be a linear algebraic group over k. The following result describes the 
basic properties of the equivariant motivic cobordism. Recall that a bigraded ring 
R = © Rij is called commutative if for a G Rij, b G Ri'j', one has ab = (—1)** ba. 

Let R* denote the category of commutative bigraded rings. We need the following 
elementary result in order to establish some basic properties of the equivariant 
cobordism. 

Lemma 7.1. Let U G Sm^^gg^;, and let i : Vi ^ V2 he a closed (or open) immersion 
in Sm^^gg/j;.. Consider a transverse square 



(7.1) 



Y' -UY 



X' — >x 

f 



in Sm^ where i is a closed embedding. Then the squares 



(7.2) 



G 



lY 



G 



Y xVi—^Y XV2 



1-2 



XxVi — >XxV2 



G n G 

Y' X U ^Y X U 



X'xU^XxU 
f 



are transverse in Sm^,. 

Proof. This is an elementary exercise. We give only give a sketch and leave the 
details for the readers. One first checks that if (17. ip is any Cartesian square in 
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Smj^gg/;,, then the squares 

(7.3) Y'/G i Y/G X' — ^-^ X 

X'/G X/G X'/G X/G 

f f 

are also Cartesian. In particular, the map Tx'/{x'/g) ~^ /* (^x/(x/g)) of rela- 
tive tangent bundles is an isomorphism. From this, it follows immediately that 

Nx{X') ^ it'* {N^x/g){X'/G)) if / is a closed immersion. 

To prove the lemma, it suffices to show that if (17. ip is a transverse square in 
Smj^gg^^, then the associated square of quotients in (17. 3p is also transverse. To 
do this, we now only need to show the appropriate isomorphism of the normal 
bundles. We consider the commutative diagram 



(7.4) 




X'/G 



X/G. 



Let (resp. A^') denote the normal bundle of Y/G (resp. Y'/G) in X/G (resp. 
X'/G). Since vr' is a smooth covering, it suffices to show that the map 



(7.5) 



{t{N)) 



is an isomorphism. But this easily follows from the fact that the back face of the 
above cube is transverse and we have shown above that the two side faces are also 
transverse. □ 

Theorem 7.2. The equivariant motivic cobordism MGVq {—) is an oriented co- 
homology theory on Sm^ in the following sense. 

(1) G ontravariance : X i— )■ MGLq*{X) is a functor (Sm^)°'' — R*. 

(2) Homotopy Invariance : For a G-equivariant vector bundle p : E X , 
the map p* : MGLq*{X) — )■ MGL*q[E) is an isomorphism. 

(3) Ghern classes : For a G-equivariant vector bundle E on X, there are equi- 
variant Chern classes cf{E) G MGL^^'\X) such thatc^{E) = l,cf{E) = 
for i > rank(i?), /* (cf (-E)) = cf {f*{E)) for a morphism f : Y X in 
Sm^ and c^{E) = c^{E') ■ c^{E") for an exact sequence of equivariant 
vector bundles E' E E" -> on X . 
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(4) Projective bundle formula : For an equivariant vector bundle E of rank 
n on X , the map 

$x : MGL*^*{X) © ■ ■ ■ © MGL*^*{X) MGL*^* (P(E)) ; 

n-l 

$(ao,--- ,an-i) = 7r*{ai) -f 

i=0 

is an isomorphism, where tt : F{E) X is the projection map and ^ = 

(5) Gysin map : For a closed embedding l : Y ^ X in Sm^ of codimension d, 
there is a Gysin map : MGL'^J'iY) MGL^+'''''+''(X) such that given 
a transverse square 

(7.6) r A F 



X' ^X 

f 

in Sm^ where i is a closed embedding, the diagram 
(7. 7) MGL*(f {Y) A MGL*(C {Y') 



MGL*(f{X) -jf MGL*(C{X') 



commutes. Moreover, given G-equivariant closed embeddings Z ^ Y ^ X , 
one has {l o l')^ = o l'^. 

(6) Gysin exact sequence : For a closed embedding i : Y ^ X of codimension 
d in Sm^ with the complement j : U ^ X, the sequence 

> MGL^J^'^U) 4 MGL^-^'^'^-'^iY) A MGL%\X) A MGL^^^U) A ■ ■ • 

is exact. 

(7) Change of groups : If H C G is a closed subgroup and X G Sm^, then 
there is a natural restriction map r^ ^ : MGL*q{X) — )• MGL^*(X). In 
particular, there is a natural forgetful map 

(7.8) r% : MGL*(f{X) MGL*'*{X). 

(8) Morita I somorphism : If H C G is a closed subgroup and X G Sm^, then 

H 



there is a canonical isomorphism MGLq* {X x G) = MGL*^{X). 
(9) Free action : If X G Sm^^^^^j^, then the map MGL*'*{X/G) MGL*^*{X) 



is an isomorphism. 

Proof. Any map / : y — )■ X in Sm^ gives rise to the corresponding map of ind- 
schemes fa '-^g ~^ ^g which in turn induces the map f* = fa '■ MGL*^ [X) = 
MGL*'*{Xg) -> MGL*'*{Yg) = MGL*(C{Y). If p : E ^ X is a G-equivariant 
vector bundle of rank n , then we have seen in the proof of Lemma 17.11 that the 
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map p : Eq — )■ Xq is a vector bundle of rank n over the ind-scheme Xq- In 
particular, it is an A^-weak equivalence. This proves property (2). 

If is a G-equivariant vector bundle on X, then equivariant Chern classes cf{E) 
are defined by 

(7.9) cf{E) := Q (Eg) G MGL'^'\Xg) = MGLI'\X). 

The fact that this defines a Chern class theory for equivariant bundles in MGL*^ {—) 
follows immediately from Proposition 15.81 

Let £■ be a G-equivariant vector bundle of rank n on X and let p : ¥{E) — )■ X 
be the associated equivariant projective bundle. Let pc '■ P (Eg) — )■ Xg denote 
the projective bundle associated to the vector bundle Eg on Xg- The desired 
projective bundle formula then follows from flS.lOp and the canonical isomorphism 
of ind-schemes P [Eg) = ^{E)^. 

li i : Y X is an equivariant closed embedding, then it follows from Lemma [7?T] 
that lg '■ "—^ Xg is a strict closed embedding of ind-schemes. The equivariant 
Gysin map i, : MGL%\Y) MGL^^^'^'^'^^^X) is defined as in Proposition [631 
Given a transverse square (17.61) in Sm^, it follows from Lemma 17.11 that corre- 
sponding square of Borel spaces is also transverse. The commutativity of the 
square (17. 7p and the composition property now follow from Proposition 16. 4[ 

To prove the Gysin exact sequence, we first note that if 6 : y > X is an 
equivariant closed embedding with complement j : f/ X, then Lemma 17.11 
implies that lg '-Yg Xg is a closed embedding with complement Ug- The exact 
sequence (6) now follows from Proposition 16.41 

If if C G is a closed subgroup and X G Sm^, then p : Xh Xg is a 
morphism of ind-schemes with fibers G/H. This induces the restriction map 
r'fi X • MGL*f^ {X) — > MGL*^ [X). Taking H = {e} and using the isomorphism 
X{e} = X, we get the forgetful map r^. If X G Sm^, then the isomorphism 

MGL*(f{X X G) ^ MGL*£{X) follows from Corollary O The last property 
about the free action follows from [28l Lemma 4.2.9]. □ 

7.1. Self-intersection formula. We now prove the self-intersection formula for 
the equivariant motivic cobordism. Let l : Y ^ X he a. closed embedding of 
codimension d > in Sm^ and let NxiY) denote the equivariant normal bundle 
of Y in X. 

Proposition 7.3. For any a G MGL*q{Y), one has i* o i^[a) = {Nx{Y)) ■ a. 

Proof. It follows from Lemma 17.11 that lg '■ Yg ^ Xg is a strict closed embed- 
ding of ind-schemes with normal bundle {Nx{Y))(j. Using the definitions of the 
equivariant cobordism and the equivariant Chern classes, it suffices to show that if 
6 : y — )• X is a strict closed embedding of ind-schemes of codimension d > with 
normal bundle N, then l* o L^{a) = (X) ■ a for all a G MGL*'*{Y). So we prove 
this statement. 

To prove this, we consider the diagram (16. 3p and make the following claim. 



Claim. Given any a G MGL*'*{Y), there exists b G MGL*'*{M) such that L^{a) = 
Hip) and {iN)*{a) = j^{b). 
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Proof of the Claim : Set b = F^op*{a) e MGL*'*{M). We then have 

= o (p o ki)* (a) = 6^, o A;* o p*(a) 
=t j*oF,op*(a) = jlib) 

where the equahty =^ follows from the transversality of the top right square in (16.31) 
and Proposition 16.41 On the other hand, we have 

(«Af)*(a) = («Ar)* o (po A;o)*(a) = (iTv)* o A;* op*(a) 
=tt j*oF,op*{a) = j*{b) 

where the equality follows from the transversality of the top left square in (16.31) 
and Proposition 16.41 This proves the claim. 

We now prove the self-intersection formula for ind-schemes. There is nothing 
to prove if = and so we assume that d > 1. We first consider the case when 
Pn '■ N ^ Y is a. vector bundle of rank d and l : Y N is the zero section 
embedding of ind-schemes. Let p : P (1 © A^) Y he the projectivization of N, 
giving us the diagram 

Y^^=Y 

b s 

N — ^P(l© AT) 

i 

which is clearly transverse. In particular, we have t.^ = j* o s* using property (1) 
of Proposition 16.41 Combining this the property (4) of Proposition 16. 4[ we get 

i* o i^{a) = i* [j* o s^{a)] 

= 6*[j*(Q(p*(iV)©Oie^(l))-p*(a))] 
= i* [q {j* {p*{N) © Oieiv(l))) ■ r o p*{a)] 

= i*{cAp*N{m-^*°P*Nia) 

= Cd{N)-a. 

In the general case, we fix a € MGL*'*{Y) and let b e MGL*'*{M) be as in 
Claim 17. 1[ We then have 

i* o L^(a) = i* o Hip) 
= kloF*{b) 
= k*oF*{b) 
= ^*N°Joib) 

= Cd{N)-a. 

This completes the proof of the Self-intersection formula. □ 

8. Equivariant cobordism for torus actions 

In this section, we study certain special features of the equivariant motivic cobor- 
dism when the underlying group is a torus. Our main result is to show that the 
equivariant motivic cobordism of smooth projective schemes with a torus action 
has a simple description. We shall see later in this paper that the equivariant 
cobordism for the action of a connected reductive group can be described in terms 
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of the equivariant cobordism for the action of maximal tori of the group. As ap- 
phcations of these resuhs, we shall compute the equivariant and ordinary motivic 
cobordism of various classes of smooth schemes with group actions. 

8.1. Borel-Moore homology associated to motivic cobordism. Let SP de- 
note the category of pairs (M, X) with M G Sm^ and X C M a closed subset 
(possibly singular); a morphism / : {M,X) — )• [N,Y) is a morphism f : M ^ N 
such that f'^{Y) C X. An object of the form {M,X) is called a smooth pair. 
Recall from [30] that an oriented cohomology theory A on SP is a contravariant 
functor {M,X) h-)- Ax{M) with values in abelian groups together with a functor 
d : A{M\X) — )• Ax{M) which satisfies Gysin exact sequence, excision, homotopy 
invariance and Chern classes for vector bundles. 

Let SP' denote the category of smooth pairs (M, X) where a morphism / : 
(M, X) {N, Y) is a projective morphism f : M N such that f{X) C Y. Let 
A be an oriented bi-graded ring cohomology theory on SP. An integration with 
supports on A is an assignment of a bi-graded push- forward map : Ax{M) — )• 
Ay{N) which satisfies the usual functoriality properties, compatibility with pull- 
back and Chern class operators (cf. [251 Definition 1.8]). Levine shows that every 
oriented ring cohomology theory on SP has a unique integration with supports. 

Using the existence of integration with supports, Levine ^25j has further shown 
that any given oriented bi-graded ring cohomology theory A on SP uniquely ex- 
tends to an oriented bi-graded Borel-Moore homology theory H on Sch^ such 
that the pair {H, A) is an oriented duality theory on Sch^ in the sense of [25| 
Definition 3.1]. In particular, the Borel-Moore homology theory H has projec- 
tive push-forward, pull-back under open immersion and smooth projection, Gysin 
exact sequence, weak homotopy invariance, exterior product, Chern classes for vec- 
tor bundles and the Poincare duality Ha,b{X) = ^2d-a,d-b^j^^) ^ jg smooth of 
dimension d. 

For X G Schfc, H{X) is defined by choosing a closed embedding X C M with 
M G Suik (which is possible since X is quasi-projective) and setting H{X) : = 
Ax{M). The main point of is to show that this is well defined and has all 
the properties mentioned above. The projective push-forward is constructed by 
showing that given smooth pairs (M, X), {N, Y) and a map f : M ^ N such that 
/|j5f : X — )■ y is projective, the orientation and the excision property of A yield a 
well-defined map /, : Ax{M) Ay{N). 

Apart from the above, the homology theory H also satisfies the following com- 
mutativity property. 

Lemma 8.1. Let 

U'^X' 

9 f 

u — >x 

j 

be a Cartesian square in Schjt such that f is projective and j is an open immersion. 
One has then, j* o = o f* : H{X') H{U). 

Proof. We can write f = p o i where i : X' P" x X is a closed embedding and 
p : P" X X — )■ X is the projection map. Since = p^.. o i^^ one easily checks that 
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the assertion of the lemma holds if it holds when / is a closed immersion and a 
projection P" x X — > X. Assume first that / : X' — )■ X is a closed immersion. 
We can embed the above Cartesian diagram into a commutative diagram 



.11 



U' 



->X' 



u 



M 



M 



where N is smooth, z : X ^ X is a closed immersion, J is an open immersion 
and the front square is Cartesian. Since the top and the bottom squares are also 
Cartesian, the same holds for the back square too. Moreover, the bottom square is 
clearly transverse whose vertices are smooth. The desired equality j* o = g* oj'* 
now follows immediately from [251 Definitions 2.7-A(4) and 3.1-A(1), A(2)]. 

id 

If / : P" X X — )■ X is the projection map, then we only have to replace X — > X 

irf 71 J- . , 1 1 , , C , 1 1 . Ar^ -I K 1 7> r P 



and M — )■ M in the bottom square of the diagram (18. ip by P" x X — )■ X and 

P" X M — )■ M respectively. This makes all squares Cartesian and the bottom 
square transverse with all vertices smooth. One concludes the proof as before 
using [251 Definitions 2.7-A(4) and 3.1-A(1), A(2)]. □ 

The Borel-Moore homology theory associated to the motivic cobordism MGL is 
denoted by MGL'. It is defined by setting MGL' (X) = MGLx{M) := MGL{M/U), 
where (M, X) is a smooth pair with U = M \ X . Our study of the equivariant 
cobordism of smooth projective schemes with torus action is based on the following 
result about MGL'. 

Proposition 8.2. Let X be a k-scheme with a filtration by closed subschemes 
(8.2) = X_i C Xo C ■ ■ • C X„ = X 

such that there are maps (pm '■ W^m = (-^m \-^m-i) for < m < n which are 

all vector bundles. Assume moreover that each Zm is smooth and projective. Then 
there is a canonical isomorphism 



mgl;, (z„) ^ mgl;, (X) 



m=0 



<f>0. 



Proof. We prove it by induction on n. For n = 0, the map X = Xq ^ Zq is a 
vector bundle over a smooth scheme and hence the proposition follows from the 
homotopy invariance of the motivic cobordism. We now assume by induction that 
1 < m < n and 



m—l 



(8.3) 



mgl;, (z,) 4 mgl;, (X,„_i) 



j=0 
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The Gysin exact sequence for the inclusions im-i '■ ^m-i "-^ and jm '■ W„ 
Xm \ Xm-1 of the closed and open subschemes yields a long exact sequence 



•4) 



• ^ MGL' (Xm-i] 



*(m-l)» 



> MGL' (X„ 



MGL' {W„ 



Using (18. 3p . it suffices now to construct a canonical splitting of the pull-back 
in order to prove the proposition. 

Let Vm C Wm X Zm bc the graph of the projection Wm ^—^ and let denote 
the closure of Vm in x Z^- Let — )■ Vm be a resolution of singularities. Since 

Vm is smooth, we see that Vm ^ Ym as an open subset. We consider the composite 
maps 

(8.5) Pm-Vm^ Wm Zm ^ Wm, Qm ■ Vm ^ Wm ^ Zm ^ Zm and 

Vm • ^^"1 ^ X Zm ^ Xm-, Qm ' '^rn ^ -^rn X Zm ^ Zm- 

Note that Pm is a projective morphism since Zm is projective. The map qm is 
smooth and pm is an isomorphism. We consider the diagram 



(8.6) 



MGL' (Z„ 



MGL',,, (Ym) 



MGL',^, (X„ 



Note that the maps and jj^ exist by the above mentioned properties of MGL' 
and the maps and 0^ exist by the standard functoriality of MGL as Zm, Wm 
and Ym are all smooth. 

The map 0^ is an isomorphism by the homotopy invariance of the MGL-theory. 
It suffices to show that this diagram commutes. For, the map Sm '■= Pm*°Qm°4'm~^ 
will then give the desired splitting of the map j^. 

We now consider the commutative diagram 



X <- 



Wrr 



id 



Ym^ 



^rn f——, Wm 

{td,(pr, 

Qr 
Zm- 




Since the top left square is Cartesian with Ym smooth and jm an open immersion, 
it follows from Lemma 18.11 that o = o j^. Now, using the fact that 
[id, (pm) is an isomorphism, we get 



TOT) on 



Pm, O Jm ° C 

Pm* O {id, (j)m), O {id, (f)m)* ° Qm 



Pm* O Qm 

id, o (f)*^ 



This proves the commutativity of 



and hence the proposition. 



□ 
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8.2. Equivariant cobordism of filtrable schemes. Recall that a linear alge- 
braic group T over k is said to be a split torus if it is isomorphic to (Gm)" as a 
group scheme over k where n > 1 is a positive integer, called the rank of the torus. 
We shall assume all tori to be split in this section. 

We recall from [71 Section 3] that a /c-scheme X with an action of a torus T is 
called filtrable if the fixed point locus is smooth and projective, and there is 

n 

an ordering X^ = ]J Zm of the connected components of the fixed point locus, a 

m=0 

filtration of X by T-invariant closed subschemes 

(8.7) = X_i C Xo C . . . C X„ = X 

and maps (pm '■ Wm = {Xm \ X^-i) Zm for < m < n which are all T- 
equivariant vector bundles. It is important to note that the closed subschemes 
Xm's may not be smooth even if X is so. The following result was proven by 
Bialynicki-Birula |3] when k is algebraically closed and by Hesselink [T3] in general. 

Theorem 8.3 (Bialynicki-Birula, Hesselink). Let X be a smooth projective scheme 
with an action ofT. Then X is filtrable. 

8.2.1. Canonical admissible gadgets. Let T be a split torus of rank r. For a char- 
acter X of T, let denote the one- dimensional representation of T where T 
acts via x- Given a basis {xi, ■ ■ ■ , Xr} of the character group T of T and given 

i > 1, we set Vi =fl L®; and Ui =fl [l®;\{0}). Then T acts on by 
j=l ^ j=i V ^ ' 

(ti, - ■ ■ , tr){xi, ■ ■ ■ , Xr) = (xi(^i)(a^i), ■ ■ ■ , Xn{tr){xr))- It is then easy to see that 
p = (yi,Ui)'y^ is an admissible gadget for T such that Ui/T = (P*""^)''. More- 
over, the line bundle L^^ x ^L®* \ {0} j — P*"^ is the line bundle C(±l) for each 

1 < J < An admissible gadget for T of this form will be called a canonical 
admissible gadget in this text. 

Let X G Sm^ be a filtrable scheme with the filtration given by (18. 7p . Let 
p = iVi,Ui)^-^^ be a canonical admissible gadget for T and set 

X^ = X X U„ Xl = XmX Ui, W^ = WmX Ui and = Z„ 5 

Given the T-equivariant filtration of X as in (18. 7p . it is easy to see that for each 
i > 1, there is an associated system of filtrations 

(8.8) = C X* C . . ■ C X; = X^ 

and maps 0^ : = X^\X^_j^ — )■ for < m < n which are all vector bundles. 
Moreover, as T acts trivially on each Z^, we have that = Z^ x {Ui/T) = 
Zm X (P^"^)*^. Since Z^. is smooth and projective, this in turn implies that each 
Zl^ is smooth and projective. We conclude that the filtration (18. 8p of X* satisfies 
all the conditions of Proposition 18.21 In particular, there are split exact sequences 

(8.9) ^ A/GL;, {Xl_,) ^ MGL;, (x;;,) ^ MGL^, [W^) ^ 
for all < m < n and i> 1. 
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Lemma 8.4. Let X G Sm^ be smooth and projective and let a > b >0. Then for 

r . T 

any admissible gadget p = (Vi, Ui)-^^ forT , the inverse system < MGL""' {X x f/, 
satisfies the Mittag-Leffler condition. In particular, the map 



MGL'^\X) lim MGL^'" { X x U, 



is an isomorphism. 

Proof. Since MGL^^{X) = MGL""'^ {Xg{p)), the second assertion follows from the 
Mittag-Leffler condition using Proposition 15.31 To prove the Mittag-Leffler condi- 
tion, we first assume that p is a canonical admissible pair and prove the stronger 
assertion that the restriction map MGL*'*(X*^^) — MGL*'*{X^) is surjective for 

all i > 1, where X^ = X x U^. 

Since the map MGL*'* (^X x {Ui © Wi)^ MGL*'*{X') is an isomorphism by 
the homotopy invariance, we only have to show that the map MGL*'*(X*+^) — )■ 
MGL*'* X (f/j © W^i)^ induced by the open immersion is an isomorphism. 

It follows from Theorem 18.31 that X is filtrable. Consider a T-equivariant fil- 

tration of X as in (18. 7p . Set Xi = X x (Ui © Wi). We show by induction on 
m > that the pull-back map MGL;^(X^1) MGL'^^^(xf^) induced by the 
open immersion, is surjective for all m > 0. 

For any < m < n, there is a commutative diagram 



(8.10) 



MGL*'* (Z. 



MGL*'* {W, 



MGL*' 



MGL*'* W, 



MGL*'* (Zi 



MGL*'* {W^ 



of the motivic cobordism of smooth schemes where all the vertical arrows are 
isomorphisms by the homotopy invariance. The left horizontal arrows in both 
rows are isomorphisms again by the homotopy invariance. 

Next, we observe that T acts trivially on each Zm and hence = Zm x 
(Ui/T) = Zra X (P*"^)*^. Hence the projective bundle formula for the motivic 
cobordism (cf. § ISXT]) implies that the map MGL*'* (Z^^) ^ MGL*'* {Z'J is 
surjective. In particular, all the arrows on the top row in f l8.10p are surjective. 

We conclude that the map MGL*'* (W^^) MGL*'* (wj^^ is surjective for all 
< m < n and all i > 1. Taking m = 0, we see in particular that the map 
MGL[ ,(X^+i) ^ MGL[^(XI) is surjective for all i > 1. 
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Assume now that m > 1 and that this surjectivity assertion holds for all j < 
m — 1. We consider the diagram 



(8.11) MGL;,(X:t\) MGLi^X^^') MGL;,(iy^+i) 



The left square is commutative by Lemma 18.11 and the right square is commu- 
tative by the functoriality of open pull-back (cf. [23 p. 34]). The left vertical 
arrow is surjective by induction and we have shown above that the right vertical 
arrow is surjective. The top sequence is exact by (18.91) . Suppose we know that the 
bottom sequence is also exact. It will then follow that the middle vertical arrow is 
surjective. Thus we are only left with showing that the bottom sequence of (I8.12p 
is exact. 

Using the Gysin exact sequence, it is enough to show that the open pull-back 
MGL'^ ^{X^) — )■ MGL'^ ^{W^ is surjective. This is equivalent to showing that 

the map MGL^ — )■ MGL*'* (w^^ is surjective. For this, we consider the 
diagram 



(8.12) MGL% {X') — > MGL*;* (X^) y MGL*'* {W'„) y 

P* 



MGU-^ XM ^ MGL*'* 



m I ' 



where the top sequence is exact by (18. 9p . The vertical arrows are the pull-back 
maps induced by the vector bundle p : X* — )■ X* on the smooth scheme X* (cf. 
[251 Definition 2.7-A(6)]). Hence the right vertical arrow is an isomorphism by the 
homotopy invariance of the motivic cobordism since is smooth. It follows that 
the bottom horizontal arrow is surjective. This completes the proof of the first 
assertion for a canonical admissible pair. 

Let us now assume that p = {Vi,Ui) is any admissible pair for T and let p' = 

(\//, Ul) be a canonical pair. Set X'^ = X x f// and Y''^ = X x {Ui ® f/j). 

Fix io > 1. We have shown in the proof of Lemma [9.21 that there exists sq ^ 
such that the map a*^j : MGL"''' (X^o) MGL""'' (r^o,i) _^ jg an isomorphism for 
all j > So- By reversing the role of the admissible pairs, let ii ^ io be such that 
the map : MGL"''' (X"°) ^ MGL"''' (F*'*o) is an isomorphism for all i > h. 
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Let us now fix an an element a e Image [MGL^'^X'^) MGL'''\X'»)) . For 
any i > ii, we get a commutative diagram 



in which Si ^ Sq is chosen so that the top left horizontal map is an isomorphism. 
We have shown above that the extreme right vertical arrow is surjective. An 
easy diagram chase shows that a e Image [MGL^'^X') MGL^^^X^")) . This 
completes the proof of the lemma. □ 

The following consequence of Lemma 18.41 improves Corollary 110.31 in the special 
cases of torus action. 

Corollary 8.5. For X G Sm^ be smooth and projective. Then for q > 0, there is 
a natural isomorphism 

(8.13) fi^(X) ^ MGLl^'^X). 

Proof. Let p = {Vi, Ui)-y^ be a canonical admissible gadget for T. It follows from 
[T9t Theorem 6.1] that there is a natural isomorphism il" x Ui^ ^ f2^(X). 

On the other hand, the map Q'^ ( X x Ui] — )■ MGL'^'^''^ ( X x Ui] is an isomor- 



phism for each z > 1 by [26^ Theorem 3.1]. The corollary now follows by applying 
Lemma [831 □ 



Let X G Sm^ be smooth and projective with a filtration as in (18. 7p . Set 
Sm = X\ Xm-1 for < m < n. Let Vm C Wm x Zm be the scheme defined in (18.50 
and let ~^ Vm be the canonical T-equivariant resolution of singularities. One 
easily checks that all the maps in (18. 5 p then become T-equivariant. 

Let p = (Vi, Ui)-y^ be a canonical admissible gadget for T. This yields for every 

< m < n and i > 1, the maps : (S"^, W^) — )■ (X*,X^) in SP and the maps 

: (y^, Y^) — )■ (X*, X^) in SP'. Note also that for every i > 1, there is a closed 
immersion 7)^ : X* X*"*"^, which is natural with respect to maps in Sch^. 

Lemma 8.6. Let X E Sm^ be smooth and projective and fix < m < n and 

1 > 1. Consider the notations of (18. 5p and (18. 6 P where now all the maps are 
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T-equivariant. Then the diagram 







q 


m 






MGL*' 








MGL*' 




<t>'m 




MGL*^* {Z'J 




> 














MGL*^* 


T — 


4>*m 




MGL*^*, 










3m 










MGL* 




■<- 





MGL*'* {Y^ 



MGL*S', (X 



commutes. 

Proof. We have shown in the proof of Proposition 18.21 (cf. (18. 6p ) that the front and 
the back squares commute. The left and the top squares commute by the functo- 
riahty of pull-backs in SP. Notice that the map MGL*^^ (5^) ^ MGL*'* (W^) 

induced by the the inclusion (VFj^, VF^) (S*^, VF^) is an isomorphism. Thus the 
bottom square commutes again by the functoriahty of pull-backs in SP. We only 
need to explain why does the right square commute. 
To do this, we consider another diagram 

(8.15) y:^ ^— >Xl, 




induced by the maps (X\X;,) -> {X^^\X^^), (F^,F;,) ^ in SP 

and the maps (F^,F^) ^ (X\X^), (ll+\ll+i) ^ [X^^\X^^) in SP'. 

It is easy to see that the top, bottom, left and right squares are Cartesian. 
Moreover, it follows from Lemma [7. II that the bottom square is transverse with all 
vertices smooth. Since Pm is projective and 7 is a closed immersion, it follows from 
the standard properties of an oriented cohomology theory having integration with 
supports (cf. [251 Definition 2.7-A(4)]) that the left square of (I8.14p commutes. □ 
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ID. 



.16) 



{X\X, 



m—l) 



'y'wn 



If we consider the associated diagram of motivic cobordism with supports and use 
the identification MGL'{Xl^) = MGLxi {X^), we obtain a commutative diagram 



(8.17) 



^MGL 



XL 



{X' 



'^MGL*^,^, (X 



-^MGL*^* {X 



MGL*'* (W, 



m / 



-^0 



Notice that (tm-i)* same as ^ under the identification MGL' {Xl^) = 

MGLxi^ [X^) (cf. f25[ Definition 1.8-(5)]). The two rows are exact and we have 
shown in the proof of Proposition 18.21 (cf. (18. 4p ) that the map (j^)* is split by 
•= (Pm)* ° (^m)* ° {i^m)*) ^^r cach i > I {cf. diagram (18.141) ). In particular, 
the two rows form split short exact sequences. We now show that 

(8.18) ^;.°(7kJ*=(7U*°^ 
To show this, it is equivalent to showing that 



On the other hand, it follows from Lemma 18.61 that 



((c)*)"'°(7vj*°(e^: 



((cr)"'°(cr°(7U' 

(7L)*- 



Applying Lemma 18.61 again, we get 

(Kn).°(^u*°((cr)"o(7U*°(eT 



This shows (18391) and hence fl838|) . 



(pU*°(7yJ*o(r.+^)* 



Lemma 8.7. Let X E Sm^ be smooth and projective with the T-equivariant fil- 
tration (18.71) . Then for every < m < n, there is a canonical split exact sequence 
(8.20) 

0^1^ MGL*^* ^ {X') 1^ MGL*^l {X') ^ l^m MGL*'* {W^) 0. 
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Proof. It follows from fl8.17p and the left exactness of the inverse limit that there 
is a sequence as above which is exact except possibly at the right end. But flS.lSp 
shows that o s*^ is identity on 1^ MGL*'* (W^). This proves the lemma. □ 

i 

Lemma 8.8. Let T be a split torus of rank n acting trivially on a smooth scheme X 
of dimension d and let {xi, ■ ■ ■ , Xn} be a chosen basis ofT. Then the assignment 
tj I—)- cJ{L^.) induces an isomorphism of graded rings 

(8.21) MGL*'*{X)[[ti,--- ,tn]] ^MGL*/{X) 

where MGL*'*{X)[[ti, ■ ■ ■ ,t„]] is the graded power series ring over MGL*'*{X) . 
Proof. Let p = {Vi, Ui),-^^ be a canonical admissible gadget for T. Since T acts 
trivially on X, we have XxUi = Xx {Ui/T) =Xx (F'-'^ f. The projective bundle 
formula for the motivic cobordism implies that the map MGL*'* ^X x f/i+i^ — t- 

MGL*'* (x X U^] is surjective. 



We have seen in § 18.2.11 that for each 1 < j < n, L^^ defines the line bundle 
(9(±1) on each factor of the product (P*"^)". Let Q denote the first Chern class 
of this line bundle on P*~^. Applying Proposition 15.31 and the non-equivariant 
projective bundle formula once again, we see that 

n n 

L T — r a — 2( pi),b—( Y] Pi) 

MGLf{X)= W MGL -1 -1 (X)Cr---C". 

Taking sum over a > 6 > 0, we see that the map MGL*'*{X)\^ti, - ■ ■ ^ 
MGL*rj^*{X) is an isomorphism of graded rings. □ 

We now prove our main result on the description of the equivariant cobordism 
of smooth and projective schemes with torus action. 

Theorem 8.9. Let T be a split torus of rank n acting on a smooth and projective 

n 

scheme X and let i : X'^ = ]J Zm ^ X be the inclusion of the fixed point locus. 

m=0 

Then there is a canonical isomorphism 

n 

MGL*/{Z^rn) A MGL*/{X). 

m=0 

of bi-graded S{T)-modules. In particular, there is a canonical isomorphism of bi- 
graded S{T) -modules. 

(8.22) MGL*/{X) 4 MGL*'*{X)[[ti,--- ,g] 

Proof. Let p = (Vi, Ui)^-^^ be a canonical admissible gadget for T. By inducting on 
< m < n and using the homotopy invariance, it follows from Lemma 18.71 that 
there is a canonical isomorphism 

n 

Jim MGL*'* {Zl) ^ 1^ MGL*'* {X') . 

m=0 i i 
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Applying Lemma [8 ■4[ we get 

n 

MGL*r^*{Z^) 4 MGL*rf{X). 

m=Q 

We have already shown in Proposition 18.21 that there is a canonical isomorphism 
of L-modules 

n 

MGL*'*{Z^) 4 MGL*'*{X). 

m=0 

The last assertion follows from these two isomorphisms and Lemma 18.81 since T 
acts trivially on X'^. □ 

9. EQUIVARIANT MOTIVIC COBORDISM : ANOTHER APPROACH 

In order to study the topological iiT-theory of the classifying spaces, Atiyah and 
Hirzebruch [2] had defined three different notions of the topological i^'-theory of 
the classifying space BG of a Lie group G. One of these notions is the theory 
]C*{BG), which is defined as the generalized cohomology of BG given by the topo- 
logical i^-theory spectrum. This is analogous to our equivariant motivic cobor- 
dism MGL*(f {k) = MGL*'*{BG), discussed above. The other one is the i^'-theory 
k*{BG) which is defined in terms of the projective limit of the usual i^'-theory of 
the finite skeleta of the GW-comp\ex BG. The relations between these two notions 
and its applications have been the subject of study in several works of Atiyah and 
his coauthors. 

Motivated by the above topological construction, we consider a similar approach 
in the algebraic context in this section. An outcome of this approach is that 
one is able to invent another notion of equivariant motivic cobordism based the 
A;*(i?G')-theory of |2j. We denote this version of equivariant motivic cobordism 
by mglQ*{—). We shall prove certain results which compare the two notions 
MGLq*{—) and mglQ*{—). In particular, we shall show that these two coincide if 
we consider cohomology theory with rational coefficients. This allows us to com- 
pare the equivariant cobordism rings defined in this paper with the one studied 
earlier in |19] . 

9.1. mglQ* -theory . Let G be a linear algebraic group over k. The following two 
results form the basis for our definition of 'mglQ*(X) for X G Sm^. 

Lemma 9.1. Let V G Sm^ and let i : W ^ X he a closed subset with complement 
j : U X. Given any a > b > 0, there exists a integer N ^ such that the open 

pull-back MGL'''\V) ^ MGL'''\U) is an isomorphism if codimviW) > N. 

Proof. Let X i— )■ CIIj(X, j) denote the higher Chow groups of Bloch [4J for X G 
Schfc. There is an isomorphism CH*(X, j) = CHrf_j(X, j) if X is smooth of di- 
mension d. To prove the lemma, we first claim that given any m > 0, the map 

j) is an isomorphism for all i < m and for all j > if 

codimv(iy) > m. 

To see this, we set d = codimv(W^) and consider the localization exact sequence 
• ■ ■ ^ CllaiMx)-^{W,J) ^ Off j) A Cff (f/, j) 4 CHdi^(x)-.(H^, ^ ■ ■ ■ . 
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Suppose that d > m. Then for any i < m, we have i < d. This in turn imphes 
that dim(X) - i + j > dim{W) + j for all j > and hence CB.dim{x)-i(W, j) = 
for all j > 0. The above exact sequence shows that the map j* is an isomorphism 
for all j > if d > m. This proves the claim. 

Having proved the claim, we can now use the following motivic Atiyah-Hirzebruch 
spectral sequence of Hopkins and Morel [26] : 

^P,a-P(y) _ CH^~"+P(V, 26 - a) L"-P =^ MGL^^^V) 



EP,a~P^jj^ = CH^-"+P(f/, 26 - a) (g) L"-f =^ MGL^'^iU). 

The differentials for this spectral sequence are given by d^''^ : E^''^ — i^;p+''.'3-'"+l_ 
There is a finite filtration 

MGL'''\V) = F'^MGL'''\V) 3 ■ ■ ■ 3 F'^MGL^'\V) D F''+^MGL'''\V) = 

such that FPMGL'''\V)/FP+^MGL'''\V) = EP'^^-p for some Up > 0. The same 
holds for MGL"-'^{U). We see from this that there are only finitely many higher 
Chow groups which completely determine MGL"''^(y) and MGL"''^{U) for given 
integers a > 6 > 0. Hence by the above claim, we can choose some iV ^ 
such that all these finitely many higher Chow groups of V and U are isomorphic 
if codimy(Vr) > A^. In particular, we get f : EP^^-P{y) ^ EP'^-p{U) for all 

< p < n. By a descending induction on the filtration, we get j* : MGL"''''{V) ^ 
MGL''^\U). □ 

Lemma 9.2. Let p = {Vi, Ui) and p' = {V-, U[) be two admissible gadgets for G 
and let a > b > 0. Then for any X E Sm^, there is a canonical isomorphism 

1^ MGL""'^ (^X X f/i^ ^ 1^ MGL""'^ (^X x U- 
Proof. Fix a > 6 > 0. For any i,j > 1, we have the canonical maps 



a 



where the first map is the open immersion and the second map is a vector bundle. 
In particular, the map p*j is an isomorphism on the motivic cobordism. It follows 
from the property (iv) of an admissible gadget (cf. Definition 12. 11) and Lemma [9TT] 
that given i > 1, the map 

(9.1) a*j : MGL"'^ (^X x MGL"''' (^X x {Ui © f/j) 

is an isomorphism for all j ^ 0. Taking the limit, we see that the map 
a* : Jim MGL"''' (x x U-) hm MGL"'^ (x x {Ui © f/j) 

i \ y i i \ 
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is an isomorphism. By reversing the roles of the admissible gadgets, we see that 
the map 

P* : h^i MGL"''' (^X X U^^ Ji^n \^ MGL'''^ (^X x {Ui © U-)^ 

is also an isomorphism. The map /3*~'^oa* is the desired isomorphism. This proves 
the lemma. □ 



To prove the second part, suppose that the inverse system ^MGL"-''' ^X x Ul 

satisfies the Mittag-Leffier condition. 

Fix io > I and let Sq 3> be such that the map a*^ .j is an isomorphism for all 
j > sq. Let ii ^ io be such that the map 

is an isomorphism for alH > ii. 

Let si > So be such that for all j > si, we have 
(9.2) 

Image {MGL^^^X'^) MGL^^\X'J) = Image {MGL''^\X'J -> MGL''^\X'J) . 

Let us now fix an integer i > ii and an element a G Image (MGL"'^(XjJ — )■ MG'L"'*(Xjp)) . 
We get a commutative diagram 

Definition 9.3. Let G be a linear algebraic group over k and let X G Sm^. We 

let mgl'^{X) be the group 

rngt^^X) = lim MGL""'^ (x x U, 



where p = (V^, t/j) is an admissible gadget for G. 

It follows from Lemma [9.21 that mgl'^[X) is well defined. It also follows from 
the definition of MGL*q{X) that there is a natural map 

(9.3) (Px : MGLl^X) -> mgl%\X) 

and this map is surjective by Proposition [5l3l We set mq/y (X) = © mgl'p.^(X). 

a>b>0 

9.2. Geometric equivariant cobordism. Motivated by the work of Quillen [33] 
on complex cobordism, Levine and Morel [27] gave a geometric construction of 
the algebraic cobordism and showed that this is a universal oriented Borel-Moore 
homology theory in Sch^. Based on the work of Levine and Morel, a theory of 
equivariant algebraic cobordism was constructed in [19\. This theory of equivariant 
cobordism was subsequently used in [20], [21], [23] and [18] to compute the ordinary 
algebraic cobordism of many classes of smooth schemes. We recall the definition 
of this equivariant cobordism. 

Let G be a linear algebraic group and let X G Sm^. For any integer i > 1, 
let Vi he a. representation of G and let Ui be a G-invariant open subset of Vi such 
that the codimension of Vi\Ui is at least i and G acts freely on U such that 
the quotient Ui/G is a quasi-projective scheme. Let fi^(X)^ denote the quotient 
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G . G 

Qfl{X X Ui) / F''Qfl{X X t/j), where is the algebraic cobordism of Levine- 

Morel and F'^Qfl{X) is the subgroup of VL'^{X) generated by cobordism cycles which 
are supported on the closed subschemes of X of codimension at least i. It is known 
that fi^(X) . is independent of the choice of the pair f/j) and there is a natural 
surjection Vl'q{X)^, -» ^^(X)^ if i' > i. The geometric equivariant cobordism 
group Qq{X) is defined by 

(9.4) 



ni{x) ■= lim n 



It was shown in [19] that this geometric version of the equivariant cobordism has 
all the properties of an oriented cohomology theory on Sm^ except that it does 
not in general have the localization sequence. We also remark that the equivariant 
geometric cobordism VL*q{—) in [19] is defined for all schemes in Sch^ and is an 
example of a Borel-Moore homology theory. 



9.3. Basic properties of mglQ* {—) . Recall from [31] that the motivic cobordism 
theory MGL has push-forward maps for projective morphisms between smooth 
schemes. We need the following property of this map in order to define the push- 
forward map on the mglQ*{—). 

Lemma 9.4. Consider the Cartesian square 



(9.5) 



X'^X 

f 



in Smfc such that f is projective. Suppose that either 

(1) g is a closed immersion and (19. 5p is transverse, or, 

(2) g is smooth. 

One has then g*of, = flo g'* : MGL*'*{X') MGL*'*{Y). 

Proof. We can write / = p o i, where X' P" x X is a closed immersion and 
p : P" X X — )■ X is the projection. This yields a commutative diagram 



Y' 



X' 



p" X r ■ 

h 

P" X X 



Y 



X 



where both squares are Cartesian. 

First suppose that 5^ is a closed immersion and (19.51) is transverse. Since the right 
square is transverse and so is the big outer square, it follows that the left square is 
also transverse. In particular, we have h* o i^ = i'^ o g'* by [211 Definition 2.2-(2)]. 
On the other hand, we have g* op^ = p'^ o h* by [31] Definition 2.2-(3)]. Combining 
these two, we get 



9* ° f* = 9* ° P* ° = v'* o h* oi^ 



P*°K°9 



'9 
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where the first and the last equahties follow from the functoriality property of the 
push- forward (cf. |311 Definition 2. 2- {!)]). 

Now suppose that g is smooth. For the above proof to go through, only thing 
we need to know is that the left square in the above diagram is still transverse. 
But this is an elementary exercise using the fact that g,h,g' are all smooth and 
T{g') = i'* (T(/i)), where T(/) denotes the relative tangent bundle of a smooth 
map /. This proves the lemma. □ 

The following result describes the basic properties of mgl*Q{—). 

Theorem 9.5. The equivariant cobordism theory ■mglQ*(—) on Sm^ satisfies the 
following properties. 

(1) Functoriality : The assignment X i— )■ mglQ*{X) is a contravariant functor 
on Smf . 

(2) Push — forward : Given a projective map f : X' ^ X in Sm^, there is a 

7a,b/ \rf\ ja+2d,b+d / 



push-forward map : mgl^ {X') — )■ mgl^ ' (X) where d = dim(X) — 
'). IfX" A X' A 

square 



dim(X'). IfX" A X' A X are projective, then (/ o /'), = /, o // the 



X'^X 



/' 



/ 



Y' 

9 

is transverse in Vg where f is a closed immersion, one has g*of^ = f\og'* : 
mgl'if{X)^mgl'if{Y'). 

(3) Homotopy Invariance : If f : E ^ X is a G-equivariant vector bundle, 

then f* : mgl*^*{X) A mgl*^\E). 

(4) Chern classes : For any G-equivariant vector bundle E ^ X of rank r, 
there are equivariant Chern class operators c^{E) : mglQ*{X) — )■ mglQ*{X) 
for < m < r with Cq{E) = 1. These Chern classes have same functori- 
ality properties as in the non- equivariant case. Moreover, they satisfy the 
Whitney sum formula. 

(5) Exterior Product : There is a natural product map 

mgl%\X) ®z mgli^'\x') ^ m^/^+'^' (X x X'). 

In particular, mglQ*(X) is a bi-graded ring for every X G Sm^. 

(6) Projection formula : For a projective map f : X' X in Sm^, one 
has for x G mglQ*{X) and x' G mgl*Q {X') , the formula : /* (x' ■ f*{x)) = 
f*ix') ■ X. 

(7) Projective bundle formula : For an equivariant vector bundle E of rank 
n on X , the map 

$x : mgl*^\X) © ■ ■ ■ © rngV^^X) -> mgl^r (P(E)) ; 



n-l 

Ti"[ai 

i=0 



$(ao,--- ,a„_i) = ^ 
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is an isomorphism, where tt : F{E) X is the projection map and ^ = 
c?{Oe{-1)). 

(8) Change of groups : If H C G is a closed subgroup and X E Sm^, then 
there is a natural restriction map r'fj : mglQ*(X) — )■ mgl*ff (X) . In par- 
ticular, there is a natural forgetful map 

(9.6) : m^/^*(X) ^ MGL*'*{X). 

(9) Morita Isomorphism : If H C G is a closed subgroup and X G Sm^, then 

there is a canonical isomorphism mglQ*{X x G) = mgl*jf {X) . 

(10) Free action : If X G Snij^ggy^, there is a natural isomorphism 

MGL*'*{X/G) A mgl*^*{X). 

(11) Gomparison with geometric cobordism : For any X G Sm^ and p > 0, 
there is a natural isomorphism ^^^(X) ^ mgl'^'^(X). 

Proof. The contravariant functoriality of mgl*(f{—) follows from the similar prop- 
erty of motivic cobordism. If / : X' — )■ X is a projective morphism, and if 
p = {Vi, Ui) is an admissible pair for G, then it follows from [19, Lemma 5.1] that 

G G 

/j : X' X t/j — )■ X X f/j is projective for all i > 1. Moreover, we have seen in the 
proof of Lemma 17.11 that the diagram 



G Lx' i G 

X' X 4 X' X Ui 



/i+i 



X X U,—-^X X 



is transverse, where the horizontal maps are closed immersions. It follows from 
Lemma [93] that o (/j+i)* = (/j)* o l*^, .. Taking the inverse limit of (/i)*, we 

get the push-forward map /=„ : mglQ^{X') — > mgl'^'^'^'^^'^ {X) . The other part of 
property (2) follows from the similar property of the motivic cobordism on Sm/; 
by Definition 2.2-(2)] and Lemma [931 

The proof of properties (3) through (6) is same as the proof of [191 Theorem 5.2] 
and the proof of the projective bundle formula follows directly from the similar 
result in the non-equivariant case. The proof of Property (8) is straight forward 
and the proof of property (9) follows like [T9l Proposition 5.4]. 

To prove property (10), we observe in the case of free action of G on X that 

G G 

there are maps X x U-i ^ X x Vi ^ X/G in Srrijt. It follows from the homotopy 
invariance of the motivic cobordism. Lemma 19.11 and the fourth property of an 

admissible gadget that the induced map MGL*'*{X/G) MGL*'* ^X x Ui^ is 

an isomorphism for all i ^ 0. In particular, the map 

MGL*'* (X/G) lim MGL*'* ( X x Ui 



THE MOTIVIC COBORDISM FOR GROUP ACTIONS 



51 



is an isomorphism. The property (11) follows directly from from [261 Theorem 3.1]. 

□ 

Remark 9.6. We have seen in Theorem 17.21 that the equivariant motivic cobordism 
theory MGLq*{—) has locahzation sequences. However, the proof of this locahza- 
tion sequence fails in the case of mglQ*{—). In fact, it was shown by Buhstaber 
and Miscenko [8j that if k*{X) is the projective hmit of the topological i^-theory of 
the finite skeleta of a CW-complex X, then k*{—) does not satisfy the localization 
sequence. Using the results of Buhstaber-Miscenko and Landweber [24J, one can 
find such an example also for the complex cobordism. Because of this, one does not 
expect localization sequence to be true for mglQ*{—). This is one serious drawback 
of this theory. We shall show however that the localization sequence does hold for 
mglQ*{—) with the rational coefficients. 

9.4. Comparison of MGL*q{—) and mglQ*{—) theories. We have seen before 
that there is a natural transformation of contravariant functors MGL*q{—) — )■ 
mglQ*(—) on Sm^. When it comes to computing the equivariant cobordism 
MGLq*{X), it is often desirable to have these two functors isomorphic for X. 
Although we can not expect this to be the case in general, we have the following 
version of Lemma 18.41 in the case of torus action. We shall show later in this text 
that this isomorphism always holds with rational coefficients. 

Corollary 9.7. Let T be a split torus and let X e Sm^ be smooth and projective. 
Then for any a > b > 0, the map 

(Px ■■ MGL''^\X) mglf{X) 

is an isomorphism. 

10. Equivariant cobordism with rational coefficients 

In this section, we study the equivariant motivic cobordism with rational coef- 
ficients and show in this case that the equivariant cobordism of a smooth scheme 
with a group action can be computed in terms of the limit of the ordinary motivic 
cobordism groups of smooth schemes. This allows us to show in particular that if 
G is a connected reductive group, then the equivariant cobordism of any G-scheme 
can be written in terms of the Weyl group invariants of the equivariant cobordism 
of the given scheme for the action of a maximal torus. An equivariant analogue of 
the Levine- Morel algebraic cobordism was studied in [TH]. We also give the precise 
relation between the two versions of equivariant cobordism in this section. 

Recall from [H Remark 111.6.5] that given an abelian group there is a Moore 
space Mr G HoSsets,, where HoSsets, is the unstable homotopy category of 
pointed simplicial sets. We can consider Mr as an object of l-itik) via the ob- 
vious functor HoSsets, — )■ l-Cik). For any spectrum E G STii^k), there is a Moore 
spectrum Er = E A Mr. 

Definition 10.1. Let G be a linear algebraic group over k. For any X G Sm^, 
the equivariant motivic cobordism of X with coefficients in the group R is given 
by 

(10.1) MGL%\X- R) = MGL'''\Xg] R) := Hom5^(fc) (S~X+, T.^^^MGLr) 
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where Xq is a Borel space of the type Xg{p) as in § 12.21 We also consider 
'mgla*{-;R): 

mgrQ\X; i?) = ^ MGL''^^ x R 
We set 

MGL*(f{X;R)= © MGL''J'{X-R) and mgl*(j*{X;R) = © mgt^\X;R). 

0<b<a 0<b<a 

Note that since every X G Smfc is compact as a motivic space, it follows that there 
is a short exact sequence 

(10.2) ^ MGL''^\X) ®iR^ MGL^^^X; R) ^ Tor {MGL''+^^\X), R) 0. 

In particular, for any R C the natural map MGL''^^{X) ®zR-> MGL''^\X] R) 
is an isomorphism. But this is no longer true for the equivariant motivic cobordism 
because of the fact that the spaces Xq are not in general compact. The following 
result gives a simple description of the rational equivariant motivic cobordism. 

Theorem 10.2. Let G he a linear algebraic group and let X G Sm^. Then for all 
a >b >0, the natural map 

MGL%\X-Q) ^ mgl%\X-<l^) 

is an isomorphism. 

Proof. Let p = [Vt, Ui) be an admissible gadget for G. In view of Proposi- 
tion 15. 3[ it is enough to show that for any < 6 < a, the inverse system 
{MGL"''' {XG{p,i); Q)}i>i satisfies the Mittag-Leffler condition. 

Let us denote the smooth scheme Xc^p.i) in short by Xj and let di denote the 
dimension of Xj. Recall that Xq = colirrii Xj. It follows from [29] Corollary 10.6] 
that for any i > 1, there is a natural isomorphism 

(10.3) MGL'^'^X,; Q) ^ "'"ffi^" H'^^''-^''\X,; Q) ®q L^"^' 

di+2b—a . , 

^ © CW{X,2h-a-q)®Q^t\ 
j=b 

where H*'*{X) is the motivic cohomology of X G Spc given by the motivic 
Eilenberg-MacLane spectrum and Lq is the rationalization of the hazard ring L. 

We fix an integer i > 1. It follows from the localization sequence for the motivic 
cohomology and the third property of an admissible gadget (cf. Definition 12. ip 
that for any integer j G [b, di + 2b — a], there exists m{i, j) ^ i such that for all / > 

m{i,j), the restriction map if'^«+2b-«J Q) ^ ij*+2b-a,i x (Ui © Wi) ; 

is an isomorphism. On the other hand, the homotopy invariance property of 

the motivic cohomology shows that the map H'^i+'^b-^-'O x {Ui®Wi)] — )■ 

}jdi+2b-a,j ^Xj^-^Q^ is also an isomorphism. Setting m{i) ='^max" 

j=b 

that for all / > m{i), the restriction map 

di+2b—a _ . , . di+2b—a _ . , „, . 

© H^^+''-^''^{Xi;Q) ^ © H^^+'^-^'^^{X^(iy, 

j=b j=b 
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is an isomorphism. Since z (-> is an strictly increasing function, it follows 
from ffTOSj) that the image of the restriction map MGL^'^Xf, Q) MGL'''\Xi] Q) 
does not depend on the choice of / > m{i). In other words, the inverse system 
{MGL"'^ {Xi] Q)}i>i satisfies the Mittag-LefHer condition. □ 

We have seen in Remark [92] that the mglQ* {—)-theoTj is not expected to satisfy 
the localization sequence with the integral coefficients. The following result rectifies 
this problem if one is working with the rational coefficients. 

Corollary 10.3. Let i : Y X be a closed immersion in Sm^ of codimension d. 
There is then a long exact localization sequence 

• • • ^ mg fa (y-^ Q) ^ rngtd'iX; Q) ^ mgts'i^ \ Q) 

^mgta~''+''''-'iY;Q)^-- - . 

In particular, there is an exact sequence 

n'c'iy; Q) ^ Q) ^ ^U^ \Y;Q)^ o. 

for all q >0. 

Proof. The first long exact sequence follows from Theorems 17.21 (6) and 110.21 The 
second exact sequence follows from the first, together with Theorem 19.51 (11) and 
[T9| Proposition 5.3]. □ 

11. Reduction of arbitrary groups to tori 

The theme of this section is to study the question of how to reduce the problem 
of computing the equivariant motivic cobordism for the action of a linear algebraic 
group G to the case when the underlying group is a torus. We prove various results 
in this direction and compute the motivic cobordism of the classifying spaces of 
some reductive groups. We begin with the following result. 

Proposition 11.1. Let G be a connected reductive group over k. Let B be a Borel 
subgroup of G containing a maximal torus T over k. Then for any X E Sm^, the 
restriction map 

(11.1) MGL*/ (X) ^ MGL*/ (X) 
is an isomorphism. 

Proof. By the Morita Isomorphism of Theorem 17.21 we only need to show that 

(11.2) MGL^* (^BxX^^ MGL*j^* (X) . 

By [ini XXII, 5.9.5], there exists a characteristic filtration 5" = Uq ^ Ui ^ ■ ■ ■ ^ 
Un = {1} of the unipotent radical B^ of B such that Ui-i/Ui is a vector group, 
each Ui is normal in B and TUi = T \x Ui. Moreover, this filtration also implies 
that for each i, the natural map B /TUi B/TUi-i is a torsor under the vector 
bundle Ui^i/Ui x B/TUi^i on B/TUi^i. Hence, the homotopy invariance (cf. 
Theorem I7.2p gives an isomorphism 

MGL*^* {B/TU,^i X X) ^ MGL*^* {B /TUi x X) . 
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Composing these isomorphisms successively for i = 1, ■ ■ ■ , n, we get 

MGL^* (X) ^ MGL*j^* {B/T x X) . 

T 

The canonical isomorphism of 5-varieties B x X = {B/T) x X now proves flll.2p 
and hence f lll.ip . □ 

Proposition 11.2. Let G he a possibly non-reductive group over k. Let G = 
H iK G"^ be the Levi decomposition of G ( which exists since k is of characteristic 
zero). Then the restriction map 

(11.3) MGL*^* (X) MGL*jf (X) 

is an isomorphism. 

Proof. Since the ground field is of characteristic zero, the unipotent radical of 
G is split over k. Now the proof is exactly same as the proof of Proposition lll.il 
where we just have to replace B and T by G and H respectively. □ 



11.0.1. Action of Weyl group. Let G be a linear algebraic group and let H (1 G 
be a closed normal subgroup with quotient W. If p = (Vi, Ui)-^-^ is an admissible 
gadget for G, then it is also an admissible gadget for H. If X G Sm^, then W 

H 

acts on the ind-scheme Xg{p) = colinii (X x Ui) such that each closed subscheme 

H 

X X Ui is ly-invariant. In particular, W acts on MGL*^* {Xg{p)) = MGL*(f{X). 
One example where such a situation occurs is when if is a maximal torus of a 
reductive group and G is its normalizer. The quotient W is then the Weyl group 
of G. In that case, MGLq* {X) becomes a Z[iy]-module. 



11.1. Rational results. Let G be a connected reductive group and let T be a 
split maximal torus of G. Let N be the normalizer of T in G with the associated 
Weyl group W = N/T. We first consider the case of equivariant cobordism with 
rational coefficients and give the most complete result in this case. 

Theorem 11.3. Let G be a connected reductive group and let T be a split maximal 
torus of G with the Weyl group W. Then for any X G Sm^, the restriction map 
X • MGLq*{X) — > MGL^*(X) induces an isomorphism 

MGL*a{X- Q) ^ {MGL*/{X- Q))^ . 

Proof. In view of Theorem 110.21 we can replace MGL^*(X; Q) with mglQ*{X; Q). 
Using the definition of mglQ*{X; Q) and the fact that the inverse limit commutes 
with taking l^-invariants, it suffices to show that for an admissible gadget p 



{Vi,Ui).^^ for G, the map MGL*'* (^X x Ui;Qj (^MGL*^* (^X x Ui]Qj^ 



w 



is an isomorphism for all i > 1. But this follows at once from (110. 3p and 
Corollary 8.7]. □ 
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11.2. Motivic cobordism of classifying spaces. Let G be a connected reduc- 
tive group over k with a split maximal torus T and the Weyl group W. In such 
a case, one says that G is split reductive. Let B denote a Borel subgroup of G 
containing the maximal torus T. Let d denote the dimension of the flag variety 
G/B. In this case, every character x^^T yields a line bundle L-^ on the classifying 
space BT which restricts to a line bundle £^ := G on the flag variety G/B 

via the maps 

(11.4) G/B ^ BT ^ BG 

in ISirifc. Recall that the torsion index of G is deflned as the smallest positive 
integer to such that to times the class of a point in H'^'^iG / B^l?) belongs to the 
subring of H*{G / B, Z) generated by the flrst Chern classes of line bundles (e.g., 
= 1 for G = GLn, see |38| for computations of tc for other groups). If G is 
simply connected then this subring is generated by H'^{G/B,'Z). We shall denote 
the ring Z[t^^] by R. 

Let X G Sm^ and let px ■ X ^ Spec (k) denote the structure map. Let 

G 

p = (Vi, Ui)-^-^ be an admissible gadget for G. Set Xq = X x Ui and Xq = Xq (p). 
This gives rise to the commutative diagram in 



G/B ^Xb^X, 



G 



PB,X 




PG,X 









;ii.5) 



G/B ^ BB ^ BG 

in ISnifc, where l and lx are strict closed embeddings. A similar commutative 
diagram exists for each Xq. This in turn yields a commutative diagram 



(11.6) 



G/B 




G/B Ui/B 



BB 



PG.X 



>BG. 



Lemma 11.4. Let f : X ^ Y be a morphism in Smj^^^^f^. Then the diagram of 
quotients 

X/B^X/G 



Y/B Y/G 

is Cartesian such that the horizontal maps are smooth and projective. If f is a 
closed immersion, then this diagram is transverse. 
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Proof. The top horizontal map is an etale locally trivial smooth fibration with fiber 
G/B. Hence this map is proper by the descent property of properness. Since this 
map is also quasi-projective, it must be projective. The same holds for the bottom 
horizontal map. Proving the other properties is an elementary exercise and can be 
shown using the commutative diagram 

(11.7) X >X/B >X/G 

f 

Y > Y/B > Y/G. 

One easily checks that the left and the big outer squares are Cartesian and trans- 
verse if / is a closed immersion. Since all the horizontal maps are smooth and 
surjective, the right square must have the similar property. □ 

Proposition 11.5. For any X G Sm^, there is a push-forward map 

(ttx)* : mgl^\X) mgl^'^'^'^''^ {X) 

which is contravariant for smooth maps and covariant for projective maps in Sm^. 
This map satisfies the projection formula (ttx)* {x ■ r^xiv)) — i'^x)*{x) ■ y for 
X G mglj.*{X) and y G mglQ*{X). 

Proof. Let p = (yi,Ui)-y^ be an admissible gadget for G. For any j > i > I, 
Lemma 111.41 yields a transverse square 

(11.8) ^B^^G 

where the vertical maps are closed immersions and the horizontal maps are smooth 
and projective. It follows from Lemma l97il that there is a projective system of push- 
forward maps {(vr^)* : mgl"-'''(X^^) — )• m5f/'*~^'^'''~'^(X^)}. Taking the limit, we get 

the desired map (tix)* '■ ^g^B^'i-^) mgl'^'^'^'^''^ [X) and we can replace T by S 
using Proposition lll.il The covariant functoriality is obvious and the contravariant 
functoriality follows directly from Lemmas 111.41 and 19.41 The projection formula 

for (ttx)* and x follows from the projection formula for the maps X]^ Xq 
and observing that r^ ^ is the inverse limit of the pull-back maps (tt^)*. □ 

Lemma 11.6. Let X G Sm^ he projective and let p = {Vi, Ui)-^-^^ be an admissible 
gadget for G. Then for any a >b>0, the projective system {MGL'''^(X^; R)}^^^ 
satisfies the Mittag-Leffler condition. 

Proof. It was shown in Proposition 4.8, Lemma 4.2] that there is an ele- 
ment ao G mgl'^'^''^{BB] R) such that t*(ao) is the class of a rational point in 
MGL'^'^''^{G/B]R) = n'^{G/B]R). Moreover, it was also shown in [HI Propo- 
sition 4.8] that ao = 7r^,(ao) G mgl*'*{BG; R) is an invertible element, where 
TT* := {nk)* is the push-forward map of Proposition 111.51 
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Setting a = p*^xi(^o), we see that there is a class a G mgl'^^''^(X] R) such that 
L*x{a) is the class of a rational point in MGL'^'^''^{G/B; R) = VL'^{G/B- R). It follows 
moreover from Proposition 111 .51 that a = {7rx)*{a) G mgl*Q{X\ R) is an invertible 
element. 

For any j > i > 1, we have a diagram 
(11.9) MGL*'*{Xl] R) MGL*'*{X^^] R) ^ MGL*^*{X(.; R) 



''G,X' 



''G,Xi 



MGL*'*{Xi.; R) —^^ MGL*^*{X}^; R) MGL*^*{Xy, R). 

The left square clearly commutes and the right square commutes by Lemma 19.41 
Notice that the map MGL*'*(X^; _R) MGL*'*{X^; R) is an isomorphism as 
shown in Proposition 111.11 Setting Sq x '■ -^h -^g and taking limit over j > i, 
we see that {sq x)*°i'^x)* = (7rx)*o(s^jf)* for every z > 1. Letting = (s'^BxYi^) 
and ai = (s^j(^)*(a), we conclude that {7ix)^{ai) = at for every i >1. Moreover, 
Ui G MGL*^*lxy, R) is invertible. 

To verify the required Mittag-Leffler condition, fix any i > 1. It follows from 
Lemma 18.41 that there exists i' ^ i such that 

(11.10) Image {{s%xY) = Image {[s^xT) for all j > i' . 

Given any x G MGL*^*{X'c;R), we get for any j > i': 

= fe)*°(<xrh'-(4r(^)) 

fe)*o(4^,^)*(l/) 

= (^gxr°K)*(2/), 

where the first equality is from the projection formula and the second equality 
follows from (fTTTOD for some y G MGL*'*{Xj^; R). Since a^/ G MGL*^*{Xf.] R) 

is invertible, we see that Image ^(s^*;,^)*^ C Image ((s^-^j^)*) • Since the other 
inclusion is obvious, this verifies the desired Mittag-Leffler condition. □ 

As an immediate consequence of Lemma 111.61 and Proposition 15. 3[ we get the 
following generalization of Corollary 19.71 

Corollary 11.7. Let G he a connected and split reductive group over k and let 
X G Sm^ be projective. Then for any a > b > 0, the map 

(f)x : MGL%\X- R) mgr^\X; R) 

is an isomorphism. 

Lemma 11.8. Let G be a connected and split reductive group over k and let X G 
Sm^ be projective. Let a G mgt^'^''^{X:, R) be the element constructed in the proof of 
Lemma U 1 . 6] and letOv : mgl^ {X;R)^mgl^ {X]R) he the map x ^ {TTx)*{a-x) . 
Then the maps 

(mgt/iX; Q)) % mgt^\X; Q) (mgt/iX; 
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are isomorphisms. 

Proof. We shall follow the notations that we used in the proof of Lemma [11.61 Let 
p = (VijUi),-^-^ be an admissible gadget for G. For any i > 1, let = (s^BxYi^) 
and let : MGL^'^Xi^) MGL^'^X'^) be the map x ^ {n)^)4ai- x). It suffices 
to show that the maps 

(11.11) (MGL'^'^(Xij; Q))'^ % MGL'^'^Xl.; Q) {MGL'''\X'^; Q))^ 

are isomorphisms for every i > 1. 

Let ai e H^'^^'^{X}^;Q) be the image of the element G MGL'^'^^'^{X}^;Q) un- 
der the natural transformation of functors MGL*'*{—) — > H*'*{—). By (110. 3p . it 
suffices to show that the map 

(11.12) {H'^'\X},;Q))'^ ^ H'^'\X^;Qy, x ^ (n^^Ua, ■ x) 

is an isomorphism. 

It follows from [22| Lemma 6.4] that there is a natural isomorphism 

0^ : H*{G/B, Q) ®Q H*'*{X},- Q) ^ H*^*{Xl„ Q), 
where H*{X) = © H^'''{X). Let ^ : G/B X\^ be the fiber of the map 

^ X}.. It is well known that the map {H*{G/B]Q))^ Q, given by 
X ^ {PG/B)*{t-i{o.i) ■ x) is an isomorphism. It follows from the construction of the 
map (px (cf. [221 Lemma 6.4]) that the map in ( 111.12^ is an isomorphism. □ 

Proposition 11.9. Let G be a connected reductive group with a split maximal 
torus T and the associated Weyl group W . Then for any X E Sm^ which is 
projective, the map 

r^^x ■ MGL*(^*{X-R) {MGL*/ {X; R))^ 

is injective. 

Proof. In view of Corollary 1 11. 71 we can replace MGLq*{X] R) and MGLt^* {X\ R) 
by mglQ*{X; R) and mglj:*{X; R) respectively. Let 5 be a Borel subgroup of G 
containing the maximal torus T. Using the definition of mglQ*{X; R) and the fact 
that the inverse limit commutes with taking PF-invariants, it suffices to show that 
for an admissible gadget p = (Vi, Ui)-^^ for G, the map 

{tt'xY : MGL*'*{Xi.;R) {MGL*'*{Xi^; R))^ 

is injective for all i > 1. 

To show this, let x e MGL*^*{Xy,R). Let e MGL*'*{X}^] R) and ai e 
MGL*'*{Xq; R) be as in the proof of Lemma [11.61 Using the projection formula, 
we see that (tix)* ('^j " = c^i ■ x. Since ai G MGL*'*{Xq; R) is invertible, 

we see that (vr^)* is injective. □ 

For any X G Sm^, let MGL*{X) = © MGL'^'''{X) and for any X G Sm^, let 

MGL}.{X) = © MGL^^'\X). We can prove a stronger form of Proposition [10] 
in the following case. 
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Theorem 11.10. Let G be a connected reductive group with a split maximal torus 
T and the associated Weyl group W . Let X G Sm^ be projective such that T acts 
on X with only finitely many fixed points. Then the map 

r^^x ■ MGL*c{X; R) -> (MGL^(X; R))^ 

is an isomorphism. 

Proof. In view of Proposition [TLH we only need to prove the surjectivity assertion. 
We can identify MGLq* {X; R) and mglQ*{X; R) using Corollary 111. 7[ 

It follows from Theorem [9l5] and [21 Proposition 6.7] that MGL*j,{k]R) = 
^R[[ti, ■ ■ ■ ,tn]]. Using Lemma El] and Theorem EH we see that MGL*j.{X] R) = 
(hji[[ti, ■ ■ ■ ,tn]]Y, where r is the number of T-fixed points on X. In particular, 
the map MGL^{X; R) MGLt{X; Q) is injective. 

We now consider the commutative diagram 

(11.13) {MGL*TiX; R))^ ^ MGL*(.{X- R) {MGL*t{X- R))^ 



f 



f 



{MGL*r,{X- Q))-^ — . MGLUX; Q) — ^ {MGL*^{X; 

(TTX)* 



' T,X 



Let a e MGL*rp{X]R) and a = (7rx)*(a) G MGL*(.{X]R) be as in the proof 
of Lemma 111.61 Recall that a G MGLq{X] R) is invertible. For any x G 
MGLq{X; R) and y = r^^(x), it follows from Proposition 111.51 that 

rT,x°i^x)*{a-y) = r^x ° i^x)* {a ■ r^^xi^)) 



In particular, it follows from Lemma [11.81 that for any y G {MGL'^{X] -R))^, one 
has 

^T,x(a) ■ fiy) = ^T^x ° (ttx)* (a ■ f{y)) = f {r^^x ° {T^x)*{a ■ y)) . 

Equivalently, we get f{y) = f {r^xi^~^) ' {^t x ° ■ I/)))- Since we have 

shown above that / is injective, we get 

y = rT,xi(^~^) ■ {rT,x ° • y)) = r^x (""^ • iM*ia ■ y))) . 

This proves the required surjectivity. □ 

As an immediate consequence of Theorem 111.101 we obtain the following gener- 
alization of Totaro's theorem [38l Theorem 1.3] to the case of motivic cobordism 
of the classifying spaces of reductive groups. 

Corollary 11.11. Let G be a connected reductive group with a split maximal torus 
T and let B be a Borel subgroup containing T . Then 

(1) MGL*{BG;R) ^ {MGL*{BT; R))^ and 

(2) MGL*IbT;R) = {MGL*^{G/B;R))^ . 

Proof. The first part follows straightaway from Theorem 111.101 by taking X = 
Spec(fc). The second part follows by applying Theorem II 1 . 101 to X = G/B and 
then using the identification MGL*q{G/B) = MGL*^{k) = MGL*{BT) by Theo- 
rem [7]2] and Proposition lll.il □ 
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As another application of the above results, we get the following computation 
of the T-equivariant motivic cobordism of the flag variety G/ B. 

Corollary 11.12. Let G he a connected and split reductive group over k with a 
split maximal torus T. Let B be a Borel subgroup of G containing T. Then the 
natural map 

^G/B ■■ S{T; R) ® S{T; R) MGLt{G/B; R) 

S(G;R) 

^{a^b) = a-r^a/Biby, 
is an isomorphism of S{T; R)- algebras. 

Proof. The above map is defined using the identification MGLq*{G/B) = MGLj,*{k) 
= S{T). Now, the desired isomorphism follows from [TSl Theorem 4.6], Theo- 
rem [93] ( 1 1 ) and Corollary [TTTl □ 

12. Realizations of equivariant motivic cobordism 

We shall assume in this section that the ground field A; is a subfield of the 
field of complex numbers and we fix an embedding a : k ^ C Recall that 
there is a functor HoSets, — )■ where HoSets, denote the unstable homotopy 

category of simplicial sets which is equivalent to the homotopy category of pointed 
topological spaces Top, via the geometric realization functor. Let SH denote the 
stable homotopy category the pointed topological spaces. 

12.0.1. Topological realization functor. There is a topological realization functor 
Sirifc — 7- Top which takes a scheme X over k to the space X^" = X{C) of the 
complex valued points on X via the embedding a. Then X^^ is a complex manifold. 



Every motivic space Y G Spc can be written as colim X x A" — > F. This 

gives a topological realization functor 

(12.1) Rc : Spc, Top.; 

Rc(F) = colim (X'^^ X |A"|). 

It is clear from this that for any ind-scheme X, Rc(X) is complex manifold, which 
may be infinite-dimensional. We shall write Rc(X) often as if X is an ind- 
scheme. 

Let Sp (Top, CP"*^) denote the category of CP^-spectra in the category Top,. Let 
{STi, CP^) denote the stable homotopy category of pointed CP^-spectra under the 
stable equivalence. It is known, as can be found in [32, §A.7], that the above topo- 
logical realization functor descends to an exact functor Rc : Sl-iik) — > {Sl-i, CP^). 
There is a suspension functor E^p : (5'H,CP^) — > {Sl-i^S^) from the category of 
CP^-spectra to the category of S^-spectra which is given by 

(StopM.)2„ = M„ and (StopM.)2„+, = 5^ A M„ = SM„. 

This functor induces an equivalence of the stable homotopy categories. This stable 
homotopy category is denoted by ST-L. In other words, there is an exact functor 
Rc : SHik) Sn. 

Notation : Let X G Snik and let E G SH. For the rest of this section, we shall 
denote the generalized cohomology E*{X^^) in short by E*{X). 
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12.0. 2. Complex cobordism. Recall that the complex cobordism MU is obtained 
by applying the suspension functor Stop to the CP^-spectrum {MUo, Mf/i, ■ ■ ■ , ), 
where Mf/„ = Th{En), where En is the universal rank n-bundle on the classi- 
fying space BUn- The rank (n + l)-bundle Obu„ © En defines a unique map 

BUn BUn+i such that one has a commutative diagram like (14. 4p . This gives 
the bounding maps CP^ A Th{En) — )■ Th{En+i) of the spectrum MU. The weak 
equivalence of topological spaces En/{En\{0}) — )■ Th{En) and the homotopy 
equivalence BUn — BGLn shows that Rc(MGL) = MU, where MGL is the mo- 
tivic Thom spectrum (cf. (14. 5p ). In fact, this is an isomorphism of ring spectra. In 
particular, for any ind-scheme X, there is a natural map 

for any a > 6 > 0. Using the canonical isomorphism Rc(Gm) — S^, we see that 
there is a natural homomorphism 

(12.2) tx : MGL'''\X) MU''{X''''). 

Recall that if G is a complex Lie group acting on a finite-dimensional CW- 
complex X, the equi variant complex cobordism of X is defined as 

(12.3) MU*a{X) ■= MU* x EG 

where EG — ?► BG is the universal principal G-bundle over the classifying space 
BG. It is known that MUq{X) does not depend on the choice of the universal 
principal bundle EG — )■ BG. 

Let G be a linear algebraic group over k and let X E Sm^. Then G^'^ is 
a complex Lie group and it follows from Lemma 12.31 and (112. 2p that there is a 
natural homomorphism 

(12.4) : MGL%\X) -> MU^{X). 

In particular, we get a natural ring homomorphism t% : MGL}.{X) MU^{X) 
which takes an element x G MGL^'^{X) to an element f^ix) G MU'^{X). 

12.1. Equivariant motivic cohomology and the Cycle class maps. For any 

abelian group A, let denote the motivic Eilenberg-MacLane T-spectrum in 
S'H{k) as defined by Voevodsky [ID]. For a linear algebraic group G over k and 
X G Sm^, one defines the equivariant motivic cohomology of X by 

(12.5) H''J'{X- A) ■= Hom^ww (S??Xg(p)+, S'^'^'H^) 

where p = (Vi, Ui) is an admissible gadget for G. One also defines the analogue of 
mgl*Q{X) as 

/ig^(X; A) := lim if"'^ (x x f/^; A 



It is shown in |i22j that h*Q*{—) is well-defined and it is an example of an oriented 
cohomology theory on Sm^. Moreover, it follows from the proof of Theorem 110.21 
that the map Hq^{X] A) — )■ h^'^^X; A) is in fact an isomorphism. In particular, the 
analogue of Theorem 19.51 holds verbatim for the equivariant motivic cohomology 
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It was shown by Voevodsky in [391 Proposition 3.8] that Rc(Hyi) is isomorphic 
to the topological Eilenberg-MacLane spectrum in Sl-L. In particular, one obtains 
a commutative diagram 

(12.6) MGV(j'{X- A) MU^{X- A) 

H^^\X;A)^-^H^{X;A) 

of the equivariant cohomology theories on Sm^. The horizontal maps are called 
the cycle class maps. 

12.1.1. Totaro 's refined cycle class map. In order to study the cycle class maps and 
the natural maps between the equivariant versions of cobordism and the ordinary 
cohomology, we need to recall the following notation for the tensor product while 
dealing with projective systems of modules over a commutative ring. Let A be a 
commutative ring and let {Li} and {Mj} be two projective systems of A-modules. 
Following [37] , one defines the topological tensor product of L and M by 

(12.7) L%aM := lim (L^ ®a M^) . 

i 

Given a linear algebraic group G, X G Sm^ and an L-module A, the proof of 
Lemma 19.21 shows that the tensor product 

mgr(j*{X)®i^A = \^ (^MGL*'*{X x f/,) A^ 

is independent of the choice of an admissible gadget p = (V^, t/j) for G. In case 
of the natural map MGLq*{X) — )■ mglQ*{X) being an isomorphism, we shall also 
use the notation MGLq*{X)^i^A for ■mglQ*{X)^i^A. 

We mentioned earlier that the present definition of the Chow groups of the 
classifying space of a linear algebraic group G over k was invented by Totaro [3Z|. 
He also showed that the cycle class map : C}l*{BG) — )■ H*{BG) in fact factors 
through a refined cycles class map : CH*(i?G') — )■ MU*{BG)^i,Z. It is known 
that Mf/*(X)®L^ naturally maps to H*{X) and is a more refined topological 
invariant of a topological space X than its singular cohomology H*{X). 

Recall that that R denotes the ring where to is the torsion-index of G. 

As a consequence of Corollary 111.71 Theorem 19.51 and [T9| Proposition 7.2], we 
obtain the following generalization of |37i, Theorem 2.1]. 

Theorem 12.1. For a linear algebraic group G over k and X G Sm^ projective, 
there is a natural refined cycle class map 

: CH^(X; R) ^ Mf/* (X; R)%i^^R. 

such that its composite with the natural map MUq{X; R)0i^^R — )■ Hq{X;R) is 
the usual cycle class map c^. 
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12.2. Comparison of equivariant motivic and complex cobordism. As a 

consequence of the results of Quillen [33], Levine- Morel |27] and Levine [26], one 
knows that the topological realization map MGL*{k) — )■ MU*{pt) is an isomor- 
phism. Based on this isomorphism, we now prove some comparison results for the 
equivariant motivic and complex cobordisms of schemes with group actions. As a 
consequence, we verify some conjectures of Totaro about the cycle class maps. The 
following result is the topological analogue of Theorem Ill.lOi This result for the 
singular cohomology was earlier proven by Holm and Sjamaar [161, Proposition 2.1]. 

Theorem 12.2. Let G be a connected reductive group over k with a split maximal 
torus T and the associated Weyl group W . Let X G Sm^ be projective such that 
T acts on X with only finitely many fixed points. Then the map 

r^;^°P : MU*a{X- R) -> (Mf/* (X; R))^ 

is an isomorphism. 

Proof. This is essentially proven by an easy topological translation of the proof 
of Theorem 111.101 We give a sketch of the main steps. The topological version 
of f lll.Sp gives rise to the commutative diagram 



;i2.8) 



MU*{Bg) ^ MU*{Bt) 4 MU*{G/B) 



Pg,x 



Pt,x 



MU^{X) MU^{X) ^ MU*{G/B). 



It was shown in [T8| Lemma 4.2] that there are elements {pw,x '■ w G W} 
in MUt{X) such that {l*x{pu,,x) : w e W] forms an L-basis of MU*{G/B). 



Moreover, we can choose p, 



wo,X 



1, where Wq E W is the longest length element. 



It follows from [TSl Lemma 4.3] that the map 



(12.9) ■ MU*{BT) (g) MUg{X) MU^iX)- 

hW{BG) 

^'^^{x®y)=p*^^x{x)-'nx{y) 
is W^-equivariant and an isomorphism of MU* (-BT)-modules. In particular, we get 

^*7(1 ®y) = {i*x{p^,,x) ®y) = vri(y). 

Hence, to show that r^'x^ is injective, it suffices to show that the map MUq{X) i^!^ 
{MU* {G / B)®MUq{X))^ is injective. But to do this, we only have to observe from 

the projection formula for the map Pg/b '■ GjB — )• pt that Pg/b^ (yP ■ Pc/Bi^)^ ~ 
Pg/b^{.p) ■ X = X, where p G MU* {G / B) is the class of a point. This gives a right 
inverse of the map Pq/^ and hence a right inverse of 1 (g) = Pq^^ CS) id. 

To prove the surjectivity of the map r^'^^, we ffist note from our assumption 
and the topological analogue of Theorem [HS] that MU^{X) = (L[[ti,--- ,^n]])^ 
where n = rank(T) and r is the number of T-fixed points on X. In particular, the 
map MU^{X; R) MU^{X; Q) is injective. 
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Now, the surjectivity argument of Theorem 1 1 1 . 1 01 goes through verbatim, where 
one has to replace a e MGL^{X] R) with t%{a) e MU^{X; R) and a e MGLl,{X; R) 
with tx{(y) e MUq{X; R) and then use the fact that the surjectivity resuh holds 
over the rationals by [19l Theorem 8.8]. □ 

12.2.1. Totaro's conjectures. It was conjectured {of. [37, Introduction]) that the 
refined cycle class C}l*{BG) — )■ MU* {BG)®i^'L should be an isomorphism. Totaro 
modified this conjecture to an expectation that this map should be an isomorphism 
after localization at certain prime p. We shall show below that the refined cycle 
class map is in fact an isomorphism after inverting the torsion index of the group 
G. We first have the following stronger result. 

Theorem 12.3. Let G he a connected reductive group over k with a split maximal 
torus T. Let X G Sm^ be projective such that T acts on X with only finitely many 
fixed points. Then the maps 

t% ■ MGL*g{X; R) MUg{X; R) and 

c^:CR*aiX;R)^H*aiX;R) 

are isomorphisms. In particular, MUq{X] R) and Hq{X;R) have no element in 
odd degrees. 

Proof. It follows from Theorems 18.31 lOTSl Corollary 19.71 and fi8\ Thorem 3.7] that 

the map MG'L^(X) MU^{X) is an isomorphism. 

A much simpler argument shows that the map CH^(X) H^{X) also is an 
isomorphism. To see this quickly, take a canonical admissible gadget (Vi,f/j) for 

T 

T and observe that Xi = X x Ui is then a smooth cellular scheme and hence 
the map CH*(Xj) — >■ H*{Xi) is an isomorphism. It follows that the map is an 
isomorphism. 

The isomorphism of tx follows immediately from the isomorphism of t'^, com- 
bined with Theorems 111.101 and 112.21 The isomorphism of follows from the 
isomorphism of c^, combined with ^22j, Corollary 5.9], |IHl Lemma 3.6] and [161 
Proposition 2.1]. □ 

Theorem 12.4. Let G be a connected reductive group over k with a split maximal 
torus T. Let X G Sm^ be projective such that T acts on X with only finitely many 
fixed points. Then the maps 

(12.10) CH^(X; R) % MUciX; R)^l!,R ^ H^{X; R) 

are isomorphisms. 



Proof. It follows from Theorem 112.31 that the composite map CHg(X;i?) 




Hq{X;R) is an isomorphism. Thus, we only need to show that the refined cy- 
cle class map (cf. Theorem 112. ip is surjective. 

Let p = {Vi, Ui) be an admissible gadget for G. Let us denote the mixed 

G 

space X X Ui in short by Xj. It follows from our assumption. Theorem 18.31 
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and flSl, Lemma 3.6] that H^{X) is torsion-free. It follows from |16i Proposi- 
tion 2.1] that Hq{X;R) is torsion-free. It follows subsequently using the Atiyah- 
Hirzebruch spectral sequence (cf. [2H Corollary 2], [371 Lemma 2.2]) that the map 
MUq{X; R) — )■ ^im MU*{Xi; R) is an isomorphism and moreover, for each positive 

i 

integer i, there is j > z such that 
(12.11) 

Image {MUg{X; R) -> MU*{Xi; R)) = Image {MU*{Xj; R) MU*{Xi; R)) . 

We conclude from Corollary 1 1 1 . 71 and Theorem 112.31 that there is a commutative 
diagram of L/^-modules 

(12.12) MGL*q{X-R) — >MU^{X-R) 



1^ MGL*{X,; R) > Jim MU*{Xi; R) 

i i 

in which all arrows are isomorphisms. 

We now show the surjectivity of c^. Using the isomorphisms in (112. 12p and 
Proposition 7.2], we need to show that the map 

' ^ L<HlGL*{Xi;R) ^ L<H'IU*{Xi;R) 

is surjective. Since the bottom horizontal arrow in (112. 12p is an isomorphism, it 
suffices to show that the map 



(12.14) .^MUW)^^,^^^;^^^ 

is surjective. To show this, it suffices to show that Jim^ L^°M?7*(Xj; R) = 0. Using 

i 

the surjectivity 1^^ (g)L^ MU*{Xi; R) Jim^ h^^MU*{Xi; R), it is enough to 

i i 

show that Jim^ L<° MU*{Xi; R) = 0. 

i 

To prove this last assertion, it suffices to show that the projective system 
{L^° ®iL,^ MU*{Xi] R)} satisfies the Mittag-Leffier condition. On the other hand, 
it follows from (112. lip that the projective system {MU*{Xi]R)} satisfies the 
Mittag-Leffier condition. From this, it follows immediately that the same holds 
for {L^" ®L_B MU*{Xi;R)}. We have thus proven the surjectivity of c^. This 
completes the proof of the theorem. □ 

Corollary 12.5. Let G he a connected split reductive group over k. Then the 
maps MGL*{BG;R) MU*{BG]R) and C}l*{BG;R) MU*{BG; R)^i^^R 
are isomorphisms. 

13. MOTIVIC COBORDISM OF QUOTIENT STACK 

In this section, we show how one can use equivariant motivic cobordism to define 
the motivic cobordism for quotient stacks. The motivic cohomology of such stacks 
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was earlier defined by Edi din- Graham [TT]. Our definition is based on the following 
result. 

Proposition 13.1. Let G and H be two linear algebraic groups acting on two 
smooth schemes X and Y respectively such that [X/G] = [Y/H] as stacks. There 
is then a canonical isomorphism Xq — Yh of motivic spaces in ^{k). 

Proof. Let X denote the stack [X/G] ^ [Y/H]. Let p = {Vi,Ui)^^-^ and p' = 

{V-,Ul)-^-^ be admissible gadgets for G and H respectively. We set Xq{p) = 

[{X X V^/G] and F^(p') = [{Y x V^)/H]. 
This yields representable morphisms of stacks 

(13.1) XUp) TM 4 [X/G] - X and r^(p') ^ F^(p') 4 [Y/H] = X. 
For each j > 1, we consider the fiber product diagrams of stacks 



1i,3 



Since each gj in the diagram on the right is a vector bundle map of stacks with 
fiber we see that each p^ j is a vector bundle with fiber V-. In particular, each 
Vjj is a smooth scheme and Ui^j C Vjj- is an open subscheme. 

For a fixed i > 1, we get a sequence (VijyUij, fi,j)j^i of pairs of smooth schemes 
where Vij — )■ Xq{p) is s vector bundle, Uij C Vjj- is an open subscheme and 
fid '■ ^i,jMi,j) ~^ (Vjj+1, Wjj+i) is the natural map of pairs of smooth schemes 
over Xq{p). It follows moreover from the property of p' being an admissible gadget 
for H that (VijyUij, fi,j)j>i is an admissible gadget over Xq{p) in the sense of [28| 
Definition 4.2.1]. 

Setting Ui = colirrij Uij and pi = colirrij pij, we conclude from [28], Proposi- 
tion 4.2.3] that Ui ^ X*j(p) is an A -weak equivalence. Taking the colimit of 
these maps as i — ?■ oo, we conclude that U A Xg{p) is an A^-weak equivalence, 
where lA = colirriij Uij. By reversing the roles of p and p', we see that the map 
U Yh{p') is also an A^-weak equivalence. This concludes the proof. □ 

Definition 13.2. Let A" be a smooth stack of finite type over k which is isomorphic 
to a stack of the form [X/ G] where G is a linear algebraic group acting on a smooth 
scheme X over k. We define the motivic cobordism of X as 

MGL'''\X) := MGL%\X). 

It follows from Proposition[l3lI]that MGL'^'^X) is well defined. We let MGL*'*{X) 
to be the sum ^ MGL"''^{X). It follows from Theorem 17.21 that the association 

a,b 

X I—)- MGL*'*{X) is a contravariant functor from the category of smooth quotient 
stacks into the the category of bigraded commutative rings. Furthermore, this 
functor satisfies homotopy invariance, localization, theory of Chern classes and 
projective bundle formula. 
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